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Absolute value of magnitude

* Dr. MURTAJA ALI SAARE



Distance=magnitude
(How long)
Opposite numbers are the same
distance from zero in opposite
directions



The absolute value of ten is written as |10]. On the number line, count the number of units from 10 to 0. How many
units is 10 from 0?

110l =

G+ttt -+ttt

|
I
109 -8 =7 -6 -5 -4-3-2-10 1 2 3 & § &6 7 BEIEN

- What other number has an absolute value of 107 Why?




The absolute value of a
number is the distance

between the number
and zero on the number
line.



ample 2: Using Absolute Value to Find Magnitude

Mrs. Owens received a call from her bank because she had a checkbook balance of =$45. What was the magnitude of
the amount overdrawn?

The magnitude of a measurement is the absolute value of its measure. l




Absolute value = a numbers distance from zero

Magnitude= The absolute value of a number.
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Differentiation of trigonometric functions
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A function iIs a rule that for every input assigns a specific output. You can
also think of a function as a machine in which each input produces one output.

For example , let's say you own a prepaid phone . Your monthly cost is a
function of the number of minutes you use . The cost is $0.15 per minute .

|

The input, usually x, called the independent variable.
The output, usually y, called the dependent variable.




* The set of all possible inputs is called the
DOMAIN.

e The DOMAIN is the set of all possible
X - values .

* The set of all possible outputs is called
the RANGE .

o The RANGE is the set of all possible y -
values .

Determine the domain and range.
Example
Y=4+3x




Example
y=5+2X
f(x)=5+2x

e Domain: {0,1,2,3,......}
 Range:{5,7,9,1,....}

/,I



Determining function values and graphing functions.

Example 1:

Determine the domine and range
f(x)= 4x-2

_x .y
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Example 2:
Determine the domine and range

f(x)= x?




Example 3:

Determine the domine and range
f(x)=|x]| — 3
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How to determine if a relation or correspondence is a Function

Goal :
Given a relation , determine if is a function

a
Cuan



Formal Definition of a Function

A function is a correspondence between a first set, called
the domain, and a second set, called the range , such that
each member of the domain corresponds to exactly one

member of the range .

“u () o



Domain: set of x-values
Range: set of y-values
Function: If every x-value is
paired with exactly 1 y- value



Example :Determine whether or not each correspondence is a function.

I

Domain Range
Sep 2006 -+ 8,729,000
Jan 2007 — = 21,066,000 Example :
Mar 2007 -« 10,549,000 ¢) Baseball Teams
Jun 2007 -~ 9,815,000 :
Domain Range
Exam ple: Arizona > Diamandbacks
b) Squaring Chicago »  Cubs
Domain Range T— White Sox
2 > 4 S AT
R New York >  Yankees
3 > 9 L L
4
-4 Sy 16




Example :Determine whether or not each correspondence is a function.

I

Domain Range
Sep 2006 — + 8,729,000
Jan 2007 — + 21,066,000 Example :
Mar 2007 —— 10,549,000 C) Baseball Teams
Jun 2007 -~ 9,815,000 :
Domain Range
Example: Arizona > Diamandbacks
b) Squaring Chicago > Cubs
e o D > White Sox
3 . 9 New York >  Yankees
4
-4 = 16




Graphs of Functions

Definition : The graph of a function f is a drawing that represents all the input - output pairs (x, f( x)) .
In cases where the function is given by an equation, the graph of a function is the graph of the equationy =f

(x).

Example : The graph of the cubic polynomial on the real line is { x3 - 9x ): x is a real number }.

f(x)= x* — 9x |




 Determining if the graph of a relation or correspondence is a function

e The Vertical Line Test

* A graph represents a function if it is impossible to draw a vertical line that intersects
the graph more than once.



Example: Determine whether each of the following is the
graph of a function.



Determining Domain and Range

The domain of the function is the set of all x - values, or inputs , of the points on the graph .

o

% The domain can be viewed as the curve's shadow onto the x - axis , or how it behaves from left to right
The range of the function is the set of all y - values , or outputs, of the points on the graph .

+* The range can be viewed as the curve's shadow onto the y - axis or how it behaves up and down .

Domain:

Range :




Example: State the domain and range of the following relation. Is
the relation a function?
{(21_3)/(4/6)/(31_1)/(616)/(2/3)}




Example: Find the domain and range of given
function

f(x)= lx| =1

er




Example: Find the domain and range of given function.

5
2x—3

f(x)=

Graphical method
\;’1:5/(28-3)

Algebraic method

Domain:

x
#=1.91489=s IY=5.025841

Range:




Example: Find the domain and range of given function.

f(x)=v4x + 2

Graphical method ’
Algebraic method

Domain:

Range:
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'f(x)=x2+3x+1
c f(H) =2t +t+1
‘f(x)=%x2+1

c f(x)=1
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lim =
x»5 X—05

a’ b’ =(a-b )(al +ab +b3)
" (x —5)(x* +5x +25)
xl—1>151 (X —5) -

a’+b’ =(a+b )(a"’ —ab +b3)

lim(x? + 5x + 25)
X—5

= (5)%+5(5)+25=75



3 jite dale Cin

- x?—4x
lim =
x—0 X

o (D=4
im =
x—0 X

lim (x —4) = (0) — 4= -4



(38 el Jaladl s — pall

lim Vx+5-V5 lim Vx+5-V5 , Vx+5+V5
x—0 X B x—0 X Vx+5+v5
_ limx+5+\/5*\/x+5—\/5*\/x+5—5 — lim x
10 x(Vx+5+,/5) x50 x(Vx+5+,/5)

s 1 _ 1 1 1
—xi‘(%" Vx+5+V5  J(0)+5+V5 /(5)+V5 25




S 5 5 5

lim ——=1lim =
—0x2+x x xo0x(x+1) x

o 5=5(+1)
0 x(x+1)

li +5—5x—5
120 x(x+ 1)

lim—2 = lim——=-——_— _5
= xl_%l x(x+1)_ xl_?)?()l (x+1) (0)+1
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Ex1: Find the equation of the tangent line to the curve y = ¥ x at P(Z, 1).
(1,1) 4aill) dic y = V x Aaiall (uleal) Jad Aalaa 33

f(x)=V x
_ _ Ir) — (1
f(1)=v1 = 1 m_limf() f(a)
IT—+( T — (1
E-vioo o vx-1 o (Vx—1)
gcl—t'f 1 a1 _!‘lfll(\/}—l)(ﬁ+1)
_ 1 1 1
= lim —

ol Vx+1 J1+1 2



Ex2: Find the equation of the tangent line to the graph of f(x) = x? + 5x at the point (1, 6).
(1,6) 48l dic f(x) = x2 + 5X = (Al am il (ubaad) Jad Aslas 23

L f@—f@) . fla+th) — (@
T—a T — a h—0 h
. —(6) _ g; 6)
(m h %,ll’(} h
=lim =lim =limth+7)=0+4+7=7

h—-0 h h—-0 h h—0



R Adadi] A1l Adidie AayY Al aladiu) (Ll
Ex3: Let f(x) =x%+5x. Find f " (a)

= \2
o) = tim 2@ TR =@ ) J@) = J(a) f(x) = x2 + 5x
a h I f(a) = a? + 5a

[(a+ h)* +5(a + h)] — (a + 5a) f(a+h) = (a+h)? + 5(a+h)

lim

h—0 h
2
i (@ 2ah+h?)5a+5h]-a?~5a  _]im 2ah+h%+5h
_hl_’?(} h h—0
. h(2a+h+5) _
=£ll1)1(} h =hll(1)n(2a+h+5)=2a+0+5=2a+5



dma ddaail 40l daiia Al 4lall Al ; Lokl
Ex 4: Let f(x) =x?+5x. Find f (2)

o) =l LOEW =Sy S0 =S f(x) = X2 + 5
h—0 T— 1 —
o f(2) = 22 + 5(2)=14

[(2+h)" +52+h)]— 2%+ (5%2))

lim f(2+h) — (2+h)2 + 5(2+h)
h—-0 h
2
_l- [(4+4h+h2)+10+5h]_4_10 :limh +9h
_hl_”?(} h h—0
Jim 2  fim(h49) = 049=9
"h>0 h _h—%n( +9)=0+9 =



A a adasil A)0 48iha Al Alal) aladtii) - Lals
Ex5: Let f(x) = x?+5x. Find f (-1)

— 2
e i J@ED) @) @)~ (@) f(x) = x? + 5x
- h . zoa Tr—a f(-l) — (_1)2 + 5(_1):4

f(-1+h) = (-1+h)? + 5(-1+h)

[(=1+ h)* +5(=1+ h)] — (=12 + (5 * —1))

i ,,
2
. [(1-2h+h?)-5+5h]-1+5 _lim 3R
=%l_1)1(} h h—-0
Lim = =lim(h+3)=0+3 =3
"h>0 h _h—%n( +3)=0+3=



JJMUAJ@A_\M\M;JJ\ JBJYM\JJ\ ?‘:W \\_\]\4

Ex6: The position function of a stone thrown from a bridge is given by s(t) = 10t — 16t feet (below the bridge) after t
seconds. (a) What is the average velocity of the stone between t; = 1 and t, = 5 seconds?

AU g g () Jiul) add s (1) = 10t - 1612 Aol g s (a dpay 2 Jaa pulage Alla pllas) ol
(] Aeoudl | = Ao pud) Gl BaY) L SIS t2 =5 51l = 1 O ) de i hagia ga La (1)

s(t) = 10t — 16t2
s(t,) =s(1)= 10(1) — 16(1)>=10-16=-6
s(t,) =s(5)= 10(5) — 16(5)2=50-400=-350

flt2) = f(t)

average velocity= Pa—
2 7 v

the average velocity:_35:__1(_6) = # = |-86| = 86feet/sec




The position function of a stone thrown from a bridge is given by s(t) = 10t — 16t feet (below the bridge) after t
seconds. (b) What is the instantaneous velocity of the stone at t = 1 second. (Note that speed = |Velocity|).

@Gt=1mﬂw\kﬂtwu_g

F@® — fla) L flath) — f(a)
t

v(a) = lim — lim 5

t—rr1

 [10(1+h) — 16(1+h)] — (10(1) — 16(1)%)
lim
h—0 h
s(t) = 10t — 16t2
_ lim [(10+10h) — 16(1+2h+h?)] — (—6) s(a) =s(1)= 10(1) — 16(1)2=10-16=-6
h—0 h s(a+h) =s(1+h)= 10(1+h) — 16(1+h)?

10+ 10h—16 —32h — 16h* + 6
= lim
h—0 h
_22h—16h2 .. h(-22—-16h)=1lim(-22 — 16h) = —22 — 16(0) = —22
= lim = lim h—0
h—0 h h—0 h




Ex7:The cost (in dollars ) of producing x units of a certain commodity is C(x) = 50 +  x.

(a) Find the average rate of change of C with respect to x when the production level is changed from
X =100 to x = 169.

o Al Ladie ) o (3l Lagh € il Jana Jagia 33 0 (1) € (X) = 50 + V . (o ddma dald x cilaa g LY (Y 9ally) A4LSS
X = 169. I X = 100 ¢y gL (s sicsa
Ay _ [(z2) — f(21)

Ax Ty — T C(x) = 50 + V x
C(100) = 50 + v 100=50+10=60
Az f(z2) — f(z1) 50+ 169 — (50 + /100) C(169) = 50 +  169=50+13=63
Ay  xe—x1 169 — 100 |

13—-10 3 )
=760 69 .04347.
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1.f(x) is defined

2. lim f(x) - exists

X—a

Jlim f(x)= lim, f(x)

3. lim f(x)= f(a)



Example

f(x)=x3+ux?+5, if x =1 isit the function continuous or not

Solution

1. f(D=(1)3+u(1)*+5=10
2. xll% f(x)=(1)>+u(1)*+5=10

3. f(x) = )lcl_rg f(x) It does Continuous



Example

Vx + 2, x < 2
fx) =<3x2-2, 2<x<3
2x + 5, x =3

1. f(x)=(2)2=2 = 2
2. lir?_f(x)=\/2 + 2=2

3. lim f(x)=(2)2-2=2

lim f(x)=(2)=2




Example

Vx + 2, x < 2
fx) =4x2-2 2<x<3
2x + 5, x =3
1. f(3)=2(3)+5 =11

2. xll)r?r)l_ f(x)=(3)%-2=7
3. Jclirgl+f(x):2(3)+5:11

lirr% f(x)=1t does not Continuous

X—



Example

(2x + 5, x < —1
X%+ 2, x> —1

Fx) =

1. f(x)=2(—1) + 5=3
2. lim f(x)=2(—1) + 5=3

xX—>—1"

3. xl_ir_r11+f(x):(—1)2+1:3

lim f(x)=(3)=It does Continuous

x—>—1
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Numerical Integration

The numerical integration methods are approximate rules for evaluating definite integral.
It used when we cannot compute the value of an integral exactly and specially useful for

approximately integral of functions that are available only in graphical or tabular form.
In the present study, we will deal with three methods:

1. Trapezoidal method
2. Mid point method
3. Simpson’s rule method.



A-Trapezoidal Method:

If w= havwe the fomscisom 3 =_ﬂijmd“ﬂan:tam_[:fﬂ:]dx
If w= hawe 2 divi=sions
B —
hz—n
E -
A = botal area oosder e curee
F =M fTomxr=atbtox ==&

A =gy aytaz+ .. ap=N g &
@y = l[.}ru;.}aj A {I’:}'a}h, g = (}'2;.}"3} k. oy = {}'n—;t}rnj h

— (¥ot+¥a ¥+ ¥z 4+ Fr—i+¥n
A=(FP)r+ (B R (BEE) ()0
A=hpe+¥ Y1 Y2 ¥ Fa, ¥3 Fm—a 4 Fn—a . Fny

=2 = = =2 = = - =2 = =2

A=hPR+wi+ya+tys+ oo Va1 + 2]
A= Zpyp+2y + 2y + 4 2y, 4+ yal
Whers

Yo — ¥p - values of the fionction fix) at Xg — X,
Yo =Jta). yao =)
h = wnidth of Trapezoid = (b — a)/n

= muummber of divisions



Example 9: use Trapezoidal mile to approximate ff{.\:g + 3)dx; n =6, then
compare the result with the exact valoe and find the percentage of ermmor.

Solutdon:

5 6—1 5
6 6

h
A= ;D?D_EJFJ. + 2y, + 2y, +2y, + 2ys + Vel

X }'=_;I'?'_:';=_:‘j—_?
xp=a=1 ffa) =y = 4
xy =1+ (a3/6)=11/6 =9 16

=

W
xz = 1676 ya= 2196
x3 = 216 ¥




xs = 26/6 ys=84.37

x5 = 31/6 vy = 14092

Xg = 30/6=0 yg = 219

A== [4+2(9.16) + 2(21 96) + 2(45.87) + 2(84.37) + 2(140.92) +219]
=34482

The exact valoe = ff(:l:z + 3)dx

= [ +3x]§ =338.75

The percentage of error = 344':; Eimﬁ .100=1.8 %o




Example 10: Find the upper bound error estimate from wsing the Trapezoidal
method with n = 10 for the integral _f; x sinx

Soluton:
a=0.b=1,na=10h=(1—0)/10=1/10

Jix) = x sinx

fix) = x cos x + sinx

Jfix) =x(-sinx) +cosx +cosx = 2 cosx —X SiN X

D> =2

h — o
12

|Ex| = hZD

S
Erl = 35(55) @
12710

1
Er] = ——



Mid-Point Method

In this method, the area under the curve is divided into a number of rectangles. The curve intersects each rectangle at the
mid-point of the top side.

A ::M:Zf{ck].h
i=1

n = mumber of rectangles
Cx : X- coordinate for the omdpoint.

The error estimate for midpomt method 1s:

24

-

|Epe] < hZD

Example 11: Estimate _rlz x®dx with n = 4 by Midpoint method.

Solation:a=1,b=2 n=4

h=(2-1)/4=%

Cy f(Cy)
Cl=1+(1/4)/2=9/8 ffC1) = (9/8)"= 81/64
C2=9/8+%=11/8 fC2) = (11/8)* = 121/64
C3=11/8+ %= 13/8 f{C3) = 169/64
CA=13/8+ %= 15/8 fC4) = 225/64




A =1 [B1/64 + 121/64 + 169/64 + 225/64] = 149/64 = 2328125
fix)=x fix)=2x, fix) =2, D=2
£l 2—1 /14" ,
[Bal =—7 (4) ()
1
|Epl| = —

=192
|E,| < 0.005208



Simpson’s Rule

Simpson’s rule is based on approximately curves with parabolas instead of line segments. Each three points are
connected with a parabola.

The zeneral equation of parabola 15 v — Ax® +Bx + C

d.a=j.r1:l:-;=__f_hh wolax

h
Ar = J- (Ax® 4+ Bx 4+ Cldx
—h
A= Bx* "
Ar = [ = -+ = 4+ Cx] 5,
A _H..Fta: Bh= h —AhR® B h* ch
rT=g3 Tz F F—+—= )
2AR%
= — 4+ 2Ch
3
Ar- = i{EﬂhE + 6CRkR) — E{Eﬂh: + 6LC) = Exact Area

Since the curve passes throungh the posmnts (-, yo). (0, v1) (. v2) then-

Yo=Ah—Bh+C ______. (1)



Y1=C oo (D)
Yi=Ah'+Bh+C ... (3)

Yp—v,= Ak’ —Bh

Y-y, = Ah’+Bh

Yo—y1+y2—y1=2A0" ﬂf:%[‘b’n +y: — 2y + 6(]
Ar=Z[yo+y2 — 291+ 6C] = [y + 4y + 1]

h
Now: Arl = E[}rﬂ + 4y, + ¥2]

h
Ar2 =§LF: + 4y3 + ¥l
h
Total area = Arl + Ar2 =E|'_‘yq + 4y + ¥z + y2 + 4y3 + vl

&
=Eh’n + 4y, + 2y, + 4y3 + ¥l

h
A=S=c(o+4n+2y: t 4y + e+ 2¥n 2 + 4¥n_y + )



Example 11: Estimate _[.lz x2dx with n = 4 by Simpson’s mle.

: [1+ 4(55) ¥ 2(36) +4(4g) +4]

Solution: a=1,b=2, n=4 4*3 16 16 16
h=02-1)4="% =T7/3=2333333

b . . : -
4=5— 3 (ve + 4y, + 272 + 435 + 73 The error estimate for Simpson’s mle 15 :

b gy

xp=1 yg = 1
X3 = 3~ y; = 25/16
x2 = 64 7 = 36/16
x3 =74 y3 = 4916
xg=2 ya=4




Example 13: Determine n that will guarantee an accuracy of at least 1077 for LSing:

1. Trapezowdal male
2 Simps=son’s rale

To approximate _f; x%*dx
Solution:

1. By Trapezoidal male:

b — @

h*D
12

| Ex| =

a=2 b=4 h=(b—ayn=2n

fix) = x*
Fix) = ax”
Fix) = 12x°

at x = 4 fid) = (4) *= 12 =192 D =192



4—2 Fzy 2 128
Erl==(2) <192 |Efl =

mn

<107 2?z128*107
2. By Sumpson’s mle

b—a

|Es| = 180 R*D

fix)=12x°

fix) =24 x

fix) = 24 D=24

sl < 2= (2)" » 24 IEs] < 2%
= =107 n>8082 n=82

15n* —

n = 3577708

n= 35778



Example 14: The table below shows the velocity of submanne with the travelling
time. Use Simpson’s rule to estimate the distance travelled during the 10 hours

v (mph)

12

14

17

21

22

21

15

~d|en|wa| = |wra = o

11

11

14

sl B =0

0 17




v =— ds = v. dit
dt

10
5= L v(t).dt

h=1,n=10

5= 13 [12 + 4(14) + 2 (17) + 4(21) + 2(22) + 4(21) + 2(15) + 4(11) + 2(11) +
H14)+ 17]

5 =161 mile
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The integral of k f(z) where k is a constant

A constant factor in an integral can be moved outside the integral sign as follows:




ES

Find the indefinite integral of 11z2: that is, find /11:13‘2 dx

Solution

0 ) - 11z° _
e“de =11 | 2°dxr =11 §+c = 3 + K where K is a constant.




L

Find the indefinite integral of —5 cos x; that is, find /—5 cosx dx

Solution

/—51‘:05:1:0{:5 = —E}/cas:ﬂdm = —5H(sinz +¢) = —Hsinz + K where K is a constant.




The integral of f(z) + g(z) and of f(z) — g(z)
When we wish to integrate the sum or difference of two functions, we integrate each term separately
as follows:

1
\?\' Key Point 2

[ 1@+ 9@) do = [ f@)do+ [ g(o)do
[15@) = 9@ do = [ f@)dz ~ [ g(o) s




Find /(:.-::Hr + sinx) dx

Solution

L] ) ¥ . ].
3 . : y 4
f(:r:f‘ +sinz) dr = / r* dx + / sinzx dr = 1% —cosz +c

Note that only a single constant of integration is needed.




Find f (3t" + V/t) dt



The hyperbolic sine and cosine functions, sinh 2z and cosh z, are defined as follows:

. et —e * et e *
sinh z = coshr =
2 2

Note that they are combinations of the exponential functions e* and e *.
Find the indefinite integrals of sinh x and cosh .

, el —e 7
/ sinhz dr = / (T) dr =

Answer

1 ) 1 . P, 1 1, ,
'/sinh:r:d:;: =3 ./e"" dx — i/e Ydr = §e“' + ie T4e= i(e"" + e ”") + ¢ = coshz + .

e¥ 4 e @
/(f()ﬁh.’ﬂ dr = / (T) dr =




Exercises

. Find /(Qm—em)d:z:

. Find /5 * dx

. Find /%(I + cos 2x) dx

. Find /7.1_: dx

. Find /(.L + 3)*dx, (be careful!)
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tan~1 x cot™L x tanh™ 1 x coth™1 x

1 1
1—x2 1 —x2

sin~ sinh™1x cosh™! x
1 1

V14 x2 |

sec” sech ™! x cseh™1x
1 1

|x]v1 + x2




Example 1
y =5cos™t (1 —x%)findy

sol




Example 2
4

70 =t (2) b (3) vt 97—

sol

1 -2 1 1
= > * + T *
1+(? TP 14?2
1 2 2 1
— * *5
T'z -|— 4 7"2 4‘ +T2 2

2 4
2 2
r2-|—4 7"2+4-

2 2
r2+4 7"2+4-

~ 4
> f(x) 2 44



Example 3
f(x) = x%cos™1 G) —Vx2 —1 find f(x)~

sol
— 42 —1 _1 + -1 1 — 2x
T 1-(5)2 FE)reos L (22) 2/(0)%-1
X
— 1 1 1 X
f(x) — = + 2x cos 1 ; _ ——
x2
N 4 1 1 X
f(x)™ = = T 2x cos™" — — —=

1

R

f(x)™ = 2x cos™



Example 2
if f(k) =kva? —k?+ a? sin™! (S) prove that f(x)~=2vVa? — k? ,a is cosistant

sol
A SN vy = S S B
2vVa?—k?2 1-k2 a
aZ
—k a’?
= +va? — k2 +
Va2 — k2 2vVa? — k2
_—k2+a2 k? 4+ a?
Va2 — k2
_2a2_2k2 2(a2_k2) 2\/2 2
— ) — — —
Va? — k2 Vaz — k2 a
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SIS

Trigonometric Function

0,21
Example
Cos(0)=1  tan(0)=r—l=1
Sin(z) =0 tan(rr) = S:; 7;
T
Cos(—)=0 1
2 Sec(m) = =
Sin(})=1 N
2 Csc(— = ——=—=
2 Sin- 1
Sec(0)= - (0)
T 1
Cse(-5)= 5o (-2



. opposite d—’\ﬁ-ﬂj‘
Sin = = \
0 T hypotenuse J—Ul
60" —— §
2 Cos = adjacent sl
05 “hypotenuse sl
T
o~ 0
6 30 opposite d—‘w\
tan =adjacent =)j\+-d\
\/§ 1
T
Example: 2
TT 1 T 2
i Cscl=) =— P(0,1)
Cos (3) > (3) V3 /\
T 1 Ty _ « » 0,21
. _ tan(—) = 7T ’
Sin (Z) = ﬁ (4) P(-1,0) \/ P(1,0)
; (z) 1 Cos () = -1 P(0,-1)
an 6 = \/§
T
cot{—) =1 v
(4) st m
2 2



Sin all

» 0,211

360°

wl S

N

NS




Homework

(a) cosec [?—f;‘.l

(b) sec [—7—:;]

(e) cot(6m)

(a) sin T]
(b) cru:nsf‘”f—lr']
(c) tan(<F)

(d) sin(2m)
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