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COMP [104] DISCRETE STRUCTURE

DISCRETE STRUCTURE (COMP 104)

WHAT IS DISRECT MATHEMATICS

It is the part of mathematics devoted to the stud of discrete objects (unconnected)
elements.
There are several important reasons for studying discrete mathematics:
1. We can develop our mathematical ability
2. Discrete mathematic is the gateway to more advanced courses in all part of
math.
3. Discrete mathematics provides the math foundations for many computer science
courses
4. Discrete mathematics contains the necessary math back ground for solving
problems in operation research, chemistry, engineering....

Topics:
o Sets, Subsets
e Operations on sets
e Sequences , Properties of Integers
e Matrices
e Propositional and Logical Operations , Conditional Statements
e Mathematical Induction
e Product sets and Partitions
e Relations and Diagraphs , Paths in Relations and Digraphs
e Properties of Relations , Equivalence Relations
e Computer Representation of Relations and Digraphs
e Operations and Relations
e Functions , Functions for Computer Science
e Growth of Functions, Permutation Functions
e Trees, Labeled Trees
e Tree Searching, Undirected Trees

e Graph, Common graphs
e Some important concepts
e Kinds of graphs, More graphs

Page 2



COMP [104] DISCRETE STRUCTURE

CHAPTER ONE

» Sets

» Subsets

» QOperations on sets

» Computer Representation of Sets
» Cartesian product

Sets

The word set is used in mathematics to mean any well-defined collection of items.
The items in a set are called the elements of the set.

For example, we can refer to the set of all the employees of a particular

Company or the set of all the integers that are divisible by 5.

A specific set can be defined in two ways:
> If there are only a few elements, they can be listed individually, by writing them

between braces (‘curly’ brackets) and placing commas in between. For example,
the set of positive odd numbers less than 10 can be written in the following way:
{1,3,5,7,9}

If there is a clear pattern to the elements, an ellipsis (three dots) can be

used. For example, the set of odd numbers between 0 and 50 can be written:
{1,3,5,7, ..., 49}

Some infinite sets can also be written in this way; for example, the set of

all positive odd numbers can be written:

{1,3,5,7,..}

The second way of writing down a set is to use a property that defines
the elements of the set. Braces are used with this notation also.

For example, the set of odd numbers between 0 and 50 can be written:
{x: xis odd and 0 < x < 50}

The colon is read ‘such that’, so the definition reads ‘the set of all x such
that x is odd and 0 <x < 50°.

e The most important of these for our subsequent work are listed below:
N is the set of natural numbers (or positive integers): {1, 2, 3, 4, ...}.

Jis the set of integers: {..., -3,-2,-1,0, 1, 2, 3, ...}.

Q is the set of rational numbers: {x: x = m/n for some integers m and n}
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» Another way is to use venn diagrams. Venn diagrams can be used to illustrate that
a set A is a subset of a set B. We draw the universal set U as a rectangle. Within
this rectangle we draw a circle for B. Because A is a subset of B, we draw the
circle for A within the circle for B. This relationship is shown in follows Figure.

AcBoVX(XeA—-XeB)isTrue.

@B

Venn Diagram Showing that A is a Subset of B.

Types of set
e Subsets
Definition// Let A and B be sets.We say that B is a subset of A, and write B C A, if
every element of B is an element of A,
For example, let A={1, 2, 3,4,5}, B={1, 3,4}, and C={2, 4, 6}. Then
B_A, but C is not a subset of A, because 6 — C but 6 — A.

Definition// Two sets A and B are equal if A B and B c A.

In other words, A = B if every element of A is an element of B, and every element of B
is an element of A.

A less formal way of expressing this is:

‘Two sets are equal if they have the same elements and the order does not matter.

Definition// The empty set or null set denoted by ¢,{ } it is a subset of any set
Just as zero is a very important natural number, the empty set is basic to set theory.

Definition// singleton set : a set with one element. {¢}
The single element of the the set {¢} is empty set ¢

Definition// finite set : It is the set which contain finite elements n which we can
count.

Definition// power set denoted P(s). It is the set of all subsets of the set
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EX// what is the power set of {0,1,2}
P({0.1,2})= {¢.{0}.{1}.{2}.{0,1}.{0,2},{1,2}..{0.1,2}}

#P({0})= {o.{0}}
If S has n element p(s)=2"

Definition// 2 sets are disjoint if their intersection is empty.
EX//

E ={X/ X iseven}

O ={X/X isodd}

e Set Operations

Definition// Let A and B be sets. The union of the sets A and B , denoted by AU B,
iIs the set that contains those elements that are either in A or in B, or in both.

An element x belongs to the union of the sets A and B if and only if x belongs to A or
x belongsto B. Thistellsusthat AUB={x|xe AvxeB}.

The Venn diagram shown in Figure 1 represents the union of two sets A and B . The
area that represents A U B is the shaded area within either the circle representing A or
the circle representing B .

f

figure 1 Venn Diagram Representing the Union of A and B (A U B is shaded)

EX: The union of thesets {1,3,5}and {I,2,3 }istheset{Il,2,3,5};
thatis, {1,3,5}U{l,2,3}={1,2,3,5}.
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Definition// Let A and B be sets. The intersection of the sets A and B , denoted by
A N B, is the set containing those elements in both A and B .

An element x belongs to the intersection of the sets A and B if and only if x belongs to
A and x belongs to B . This tells us that

ANnB={x|xeAArxeB}.

The Venn diagram shown in Figure 2 represents the intersection of two sets A and B .
The shaded area that is within both the circles representing the sets A and B is the area
that represents the intersection of A and B .

1 e 3

figure 2 Venn Diagram Representing the Intersection of A and B (AnB is shaded)

EX: The intersection of thesets {1,3,5}and {1,2,3 }istheset{1,3};
thatis,{1,3,5}n{I,2,3}={1,3}.

Definition// Let A and B be sets. The difference of A and B , denoted by A - B, is
the set containing those elements that are in A but not in B . The difference of A and B
is also called the complement of B with respect to A.

An element x belongs to the difference of A and B if and only if x € A and x ¢B .
Thistellsus That A-B={x|xe AAxe¢B}.

The Venn diagram shown in Figure 3 represents the difference of the sets A and B .
The shaded area inside the circle that represents A and outside the circle that
represents B is the area that represents A- B .

EX: The differenceof {1,3,5}and {1,2,3 }istheset {5} ; thatis,{1,3,5}-

{1,2,3}={5}. Thisis different from the differenceof {1,2,3}and {1,3,5}
, Which is the set {2}.
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Definition// Once the universal set U has been specified, the complement of a set
can be defined. Let U be the universal set. The complement of the set A , denoted by
A, is the complement of A with respect to U. In other words, the complement of the

set AisU -A.

An element belongs to A if and only if x ¢ A . Thistellsus that if A= {x/x ¢ A}.

EX: Let A be the set of positive integers greater than 10 (with universal set the set of
all positive integers). ThenA={1,2,3,4,5,6,7,8,9, 10}.

In Figure 4 the shaded area outside the circle representing A i s the area representing

A

A-Bis shaded.

FIGURE3 Venn Diagram for
the Difference of A and B.

U

A'is shaded

FIGURE 4 Venn Diagram for
the Complement of the Set A.
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Set Identities

Table 1 lists the most important set identities. We will prove several of these identities
here, using three different methods. These methods are presented to illustrate that

there are often many different approaches to the solution of a problem.

TABLE 1 Set Identities.

Identity Name

AU =A Identity laws
ANU=A

AUU =U Domination laws
ANG =40

AUA=A Idempotent laws
ANA=A

(74—7 = A Complementation law
AUB=BUA Commutative laws
ANB=BNA

AU(BUC)=(AUB)UC
AN(BNC)=(ANBNC

Associative laws

ANBUC)=ANB)UANC)
AUBNC)=(AUB)N(AUC)

Distributive laws

AUB=ANB De Morgan’s laws
ANB=AUB

AU(ANB) = Absorption laws
AN(AUB)=A

AUA=U Complement laws
ANA =
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> Provethat (AnB= AUE.)
1)) we will prove that each side is subset of other

We will prove that each side is subset of other

Let X € (AN B)
=X ¢ (AN B)

== Xe AnB)
= (Xe AArXeB)
=>XegAvXgB
—Xe AvXe B

—=Xe AU B
=(ANBc Au B

LetXe AU B
—Xe AvXe B
= XgAvXegB
== XeA) v (XeB)
== (Xe ArXeB)
== Xe AnB)
=X ¢ (AN B)

— X e (ANB)

= ,_Au_Bg(m)
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2)) Use set builder notation and logical equivalences to establish the second De
Morganlaw (ANnB)=AuUB
AN B={x/xe Au B}

ANB={x|x¢ANB) by definition of complement
={x|=(x €(ANB)) by definition of does not belong symbol

={x|=(x€ AAx€B)} by definition of intersection
={x|=(x € A)V=(x € B)} by the first De Morgan law for logical equivalences

={x|x¢AVx¢B) by definition of does not belong symbol
={x|xeAVxe B) by definition of complement
={x|x€AUB) by definition of union

=AUB by meaning of set builder notation

Note that besides the definitions of complement, union, set membership, and set
builder notation, this proof uses the first De Morgan law for logical equivalences.

3)) Use membership table to prove An(BuC)=(ANB)U(ANC)

TABLE 2 A Membership Table for the Distributive Property.
A B c BUC AN(BUC) ANB ANC (ANB)U(ANC)
1 1 1 1 1 | 1 |
1 1 0 1 1 | 0 1
1 0 1 1 1 0 1 1
1 0 0 0 0 0 0 0
0 1 1 1 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0
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EXAMPLES:
EX1// By laws

Let A, B, and C be sets. Show that

AUBNC)=(CUB)NA.

Solution: We have

AUBNC)=AN(BNC) bythe first De Morgan law
= AN(BUC) by the second De Morgan law

= (E U 6) NA by the commutative law for intersections

= (E U —B-) ﬂ A by the commutative law for unions.

EX2// Provethat An (BuU C)=(AnB)u (A n C) by both side

Solution:

Letx € An(BuUC)

= XeAA xe (BuC)

=>XxXeAA XeBvxeC)

= XeAarxeB)v (xeAArxeC)
—>XeAnBvxeAnC
>XeAnBUANC

>ANn(BUC) c(AnB)U(ANC)

Letx e(AnB)U(ANC)
—>XeAnBvxeAnC

= XeAarxeB)v (xeAaxel)
=XeAAn XeBvxeC)

=XeAAn Xe(Bul)
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> ANB)UANC)c An(BUC)
H.W//

1. Let A and B two sets, Prove in one side :
A-B=AN B

2. Let A and B two sets, and AcB, showthat Bc A

3. Let A,B,C three setsand A < B and B < C, show that Ac C

EX3//Prove (  A)=A
Solution:

Letxe ( A)
—=xg A
= Xe A

=( A)cA

Let xe A
—=x¢ A
—xe( A)

=Ac( A
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e Computer Representation of Sets
There are various ways to represent sets using a computer. One method is to store the
elements of the set in an unordered fashion. However, if this is done, the operations of
computing the union, intersection, or difference of two sets would be time-consuming,
because each of these operations would require a large amount of searching for
elements. We will present a method for storing elements using an arbitrary ordering
of the elements of the universal set. This method of representing sets makes
computing combinations of sets easy.
Assume that the universal set U is finite (and of reasonable size so that the number of
elements of U is not larger than the memory size of the computer being used). First,
specify an arbitrary ordering of the elements of U, for instance al , a2, ..., an.
Represent a subset A of U with the bit string of length n , where the i th bit in this
string is 1 if aj belongs to A and is O if aj does not belong to A .

EX: LetU={1,2,3,4,5,6,7,8,9, 10}, and the ordering of elements of U has
the elements in increasing order; that is, aj = i . What bit strings represent the subset of
all odd integers in U, the subset of all even integers in U, and the subset of integers
not exceeding 5in U ?

Solution:

The bit string that represents the set of odd integersin U, namely, {1,3,5,7,9}. It
is1010101010.

The bit string that represents the set of all even integers in U, namely, {2, 4, 6, 8, 10},
by thestring0101010101.

The set of all integers in U that do not exceed 5, namely, {1,2,3,4,5},

IS represented by the string1111100000.

NOTE// To obtain the bit string for the union and intersection of 2 sets we perform
bitwise Boolean operation on bit string

Union as OR

Intersection as AND
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EX1// We have seen that the bit string for theset {1, 3,5,7,9} (with universal set
{1,2,3,45,6,7,8,9,10}is101 01010 10. What is the bit string for the
complement of this set ?

Solution:

The bit string for the complement of this set is obtained by replacing Os with 1 s and
vice versa. This yields the string010102101 01, which corresponds to the set
{2,4,6,8, 10} .

EX2/[Let Alis{1,3,5,7,9} A2is{ |, 2, 3, 4, 5}, Find bit string of A1 N A2,
Al U A2?

Solution:
Al={1,3,5,7,9}=1010101010,A2={1,2,3,4,5}=1111100000
AlnA2=1010100000

AlUA2=1111101010

1. Multisets
Multisets are unordered collections of elements where an element can occur as a
member more than once.
The notation {ml1.al , m2.a2,..., mr. ar} denotes the multiset with element al
occurring ml times, element a2 occurring m2 times, and so on.
The numbersmj,i=1,2,...,r are called the multiplicities of the elements
aj,i=1,2,...,r.

e LetPand Q b e multi sets.
The union of the multisets P and Q is the multi set where the multiplicity of an
element is the maximum of its multiplicities in P and Q .

The intersection of P and Q is the multi set where the multiplicity of an
element is the minimum of its multiplicities in P and Q .

The difference of P and Q is the multi set where the multiplicity of an element is the
multiplicity of the element in P less its multiplicity in Q unless this difference is

negative, in which case the multiplicity is 0.

The sum of P and Q is the multiset where the multiplicity of an element is the sum of
multiplicities in P and Q .
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NOTE//  The union, intersection, and difference of P and Q are denoted by PU Q ,
PN Q,andP - Q, respectively. The sum of P and Q is denoted by P + Q.

EX/I let A,B two multisits:

A={3.3,2.b,1.c},B={24a, 3.b, 4.d},

find AuB, AnB, A+B, A-B, B-A?

Solution:
AuUB={3.3,3.b,1.c,4.d}
AnB={2.a,2.b}
A+B={5.a,5.b,1.c,4.d}
A-B={l.a,1.c}
B-A={1.b, 4.d}

2. Fuzzy sets
Fuzzy sets are used in artificial intelligence. Each element in the set has a degree of
membership, which is a real number between 0 and 1 (including 0 and 1).

The union of two fuzzy sets S and T is the fuzzy set S UT, where the degree of
membership of an element in S UT is the maximum of the degrees of membership of
thiselementinSandin T.

The intersection of two fuzzy sets S and T is the fuzzy set S n T, where the degree of
membership of an element in S N T is the minimum of the degrees of membership
of thiselementinSandinT.

EX/I let A={0.4a,0.8b, 0.3c}, B={0.13,0.9b,0.2d}, find AuB, AnB?
Solution:

AUB={0.4a,0.9b,0.3c,0.2d}
A~B={0.1a,0.8b}
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3. Cartesian product

Let A and B be sets. The Cartesian product of A and B, denoted by A x B, is the set of
all ordered pairs (a, b), wherea € Aand b € B . Hence,
AxB={(a,b)l acArbeB}.

EX// What is the Cartesian product of A={1,2}and B={a, b, c}?

Solution:

The Cartesian product A x B is
AxB={(1,a),(1,b),(1,¢),(2,a),(2,b),(2,c)}.

A subset R of the Cartesian product A x B i s called a relation from the set A to the set
B . The elements of R are ordered pairs, where the first element belongs to A and the
secondto B .

For example, R={(a,0),(a, 1), (a, 3), (b,1), (b, 2), (c, 0), (c, 3)} is a relation from
theset{a,b,c}totheset {0, 1,2, 3}. The Cartesian products A x B and B x A are
not equal, unlessA=0orB=0(sothat AXxB=0)orA=B

Definition// The Cartesian product of the n sets A1, A2,...,An, denoted by
Al X A2 X ¢ »+x An, is the set of ordered n -tuples (a1, a2,...,an), where gj
belongsto Ajfori=1,2,...,n.Inother words, A1 XA2x---xAn={(al,a2,.

..,an)lajeAifori=1,2,...,n}

EX/I What is the Cartesian product AXB xC,where A={0,1}, B={1,2}, and
Cc={0,1,2}?

Solution:
The Cartesian product A x B x C consists of all ordered triples (a, b, ),
wherea € A, b € B, and ¢ € C. Hence,
AxBxC= {(0,1,0),(0,1,1),(0,1,2),(0,2,0),(0,2,1),(0,2,2),(1,1,0),
(1,1,1)(1,1,2),(1,2,0),(1,2,1),(1,2,2)}.
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e The Cartesian product is distributive on union and intersection
1. Ax(BUC)=(AxB)uU(AxC)
> LET (X,y) e Ax(BuUC)

xe Aarye(BuC)
XxXeAan(yeBvyel()
XeAryeBvxeAanyeC
(x,y) e(AxB)v(xy) e(AxC)
(x,y) e(AxB)U (A xC)
Ax(AuC) c(AxB)uU(AxC)
— LET (x,y) e(AxB) U (AxC)
(x,y) e(AxB)v(xy) e(AxC)
XeAryeBvxeAanyeC
xeAAn(yeBvyel()
xe Aarye(BuC)
(x,y) e Ax(BuC)
AxB)UAxC)cAx(AuC)
SZAXAUC)=(AxB) U(AxC)

EX// Prove (AxB) N (CxD)=(ANC) x (BND)
—LET (X,y) € (AxB) n (CxD)
(x,y) € (AxB) A (x,y) € (CxD)
XxXeAryeB AxeCayeD
xe AnNCA ye BND
~.(Xy) € (AnC) x (BND)
—LET .(x,y) € (AnC) x (BND)
x € (AnC) A y e (BND)
XeArxeC AayeBayeD
(x,y) € (AxB) A (Xy) € (CxD)
- (Xy) € (AxB) n (CxD)
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CHAPTER TWO

» Sequences
» Properties of Integers

e Seguences

A sequence is a discrete structure used to represent an ordered list. For example, 1, 2,
3, 5, 8 is a sequence with fivetermsand 1, 3,9, 27,81, ..., 130, ... is an infinite
sequence.

A sequence is a function from a subset of the set of integers (usually either the

set {0,1,2,...}ortheset{1,2,3,...J) toasetS. We use the notation an to
denote the image of the integer n . We call an a term of the sequence.

EX// Consider the sequence {a, } , where

n = ;
The list of the terms of this sequence, beginning with a; , namely, starts with n=
1 1

1
]1 P B
2 3 4

.....

Definition// A geometric progression is a sequence of the form a , ar, ar® ..., ar"
where the initial term a_and the common ratio r are real numbers.

Remark: A geometric progression is a discrete analogue of the exponential function
f(x) = ar®.

) e

EX/I

The sequences {b,} with b, = (-1)", {c,} withc, =2 - 5", and {d,} withd, =6 - (1/3)" are
geometric progressions with initial term and common ratio equal to I and —1; 2 and 5; and 6
and 1/3, respectively, if we start at n = (. The list of terms by, by, by, bs, bs, ... begins with

-1, 1L,-11,...;
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The list of terms Co, C1, C2,C3,C4, ¢ « * begins with 2, 10, 50, 250, 1250, .. . ;
and the list of terms do, d1,d2,d3,d4, ¢« . begins with
2 2 .2

o = 2
S 3. 9 27

.....

Definition// An arithmetic progression is a sequence of the forma,a+d, a+ 2d,...,
at+nd,...

where the initial term a and the common difference d are real numbers.

Remark: An arithmetic progression is a discrete analogue of the linear function f(x) =
a+ dx .

EX/I The sequences {sn} with Sn = - 1 + 4n and {Tn } with fn = 7 - 3n are both
arithmetic progressions with initial terms and common differences equal to - 1 and 4,
and 7 and -3, respectively, if we start at n = 0.

The list of terms So, SI, S2, S3, ... beginswith -1,3,7,11,..., and the list of
terms O, f1,f2,f3,...beginswith7,4,1,-2,....

The finite sequences are also called strings.
The length of the string S is the number of terms in this string.
The empty string, is the string that has no terms. The empty string has length zero.

e Special Integer Sequences
A common problem in discrete mathematics is finding a formula or a general rule for

constructing the terms of a sequence.
There are many questions you could ask, but some of the more useful are:
1. Are there runs of the same value? That is, does the same value occur many
times in a row?
2. Are terms obtained from previous terms by adding the same amount or an
amount that depends on the position in the sequence?
3. Are terms obtained from previous terms by multiplying by a particular amount?
Are terms obtained by combining previous terms in a certain way?
5. Are there cycles among the terms?

&

Page 19



COMP [104] DISCRETE STRUCTURE

EX// Find formulae for the sequences with the following first five terms:
(@1,1/2,1/4,1/8,1/16
(b)1,3,57,9

Solution:
(a) The sequence with a, = (1/2)" ,n=0,1, 2, ... is a possible match. This
proposed sequence is a geometric progression witha=1and r=1/2.

(b) The sequence with a, = 1+2n ,n=0,1, 2, ... is a possible match. This
proposed sequence is an arithmetic progression witha=1andd = 2.

EX// How can we produce the terms of a sequence if the first 10 terms are 5, 11, 17,
23,29, 35,41, 47,53, 59?

Solution:

Note that each of the first 10 terms of this sequence after the first is obtained by
adding 6 to the previous term. (We could see this by noticing that the difference
between consecutive terms is 6) Consequently, the nth term could be produced by
starting with 5 and adding 6 a total of n - 1 times; that is, a reasonable guess is that the
nthtermis5+6(n-1)=6n-1.(Thisis an arithmetic progression with a =5 and d
= 6)

In tablel some useful sequences:

TABLE 1 Some Useful Sequences.
nth Term First 10 Terms

n? 1,4,9, 16,25, 36, 49, 64, 81, 100, ...
n? 1, 8, 27,64, 125, 216, 343, 512,729, 1000, ...
n* 1, 16, 81, 256, 625, 1296, 2401, 4096, 6561, 10000, ...
2" 2,4,8, 16, 32, 64, 128, 256, 512, 1024, ...
3" 3,9,27,81, 243,729, 2187, 6561, 19683, 59049, ...
n! 1, 2,6, 24, 120, 720, 5040, 40320, 362880, 3628800, ...

Page 20



COMP [104] DISCRETE STRUCTURE

e Summations

Summations from the sequence an,am-+1,...,a, , We use the notation

n
n
2 :aj" Zj:maj’ or lejsnaj
j=m

Here, the variable j is called the index of summation, it runs throw the lower limit m
and the upper limit n.

EX// Express the sum of the first 100 terms of the sequence {a,}, where a, =1/ n for
n=1,2,3,....
Solution: The lower limit for the index of summation is 1, and the upper limit is 100.
We write this sum as

100

=17

What is the value of Zj)‘:l F22

Solution: We have

S

> " Jj? =12 4224324+ 42 + 52
J=1

1 +449+ 16 + 25
55.

What is the value of 3.7 _ ,(—1)%?

Solution: We have

8
D D =D (1P DS+ (=) 4+ (—1)B

k=4

S S L [ R [T |
1.
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Double summations arise in many contexts (as in the analysis of nested loops in

computer programs).

An example of a double summation is

4 3 -4
D= G +2i +3i)

i=1 j=I i=1

4
— 61

=6+ 12 4 18 + 24 = 60.

We can also use summation notation to add all values of a function, or terms of an

indexed set, where the index of summation runs over all values in a set.

That is, we write

> " fs)

seS

What is the value of D _ _ 0.2.4;5?

Solution:
=0+2+4=6.

TABLE 2: Some Useful summation Formulae

nn+1)

2

nn+ 1)2n+1)

6

n*(n + 1)?

4

Page 22



COMP [104] DISCRETE STRUCTURE

EX1//
Find ", " k2.
Solution: First note that because 340 k2 = Y pr 1A% + 3420 k2, we have
100 100
2 k=2 K- Zk2
k=50

Using the formula ) ) _ lk2 = n(n + 1)(2n + 1)/6 from Table 2, we see that

sz 100-101-201  49-50-99
- 6

= 338,350 — 40,425 = 297,925.
k=50

H.W1// What are the values of these sums, where S={1,3,5, 7}?

a) 3 j b) 3
JES J€S

) 2 (1/)) d > 1
JES j€ES

H.W2// What is the value of each of these sums of terms of a geometric progression?

8 : 8
a) 2: 3.2/ b) Y 2/
j= j=1
8 .
0) Z( —3y d) Y 2-(-3y
j=2 I=9
H.W3// Compute each of these double sums.
3. 3 2. 3
W 3, LG+]) b) > > (2i+3))
i=1j=1 i=0j=0
3 2 2 3
2 2.0 d > >
i=1j=0 i=0j=1
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» The Properties of Integers

The part of mathematics involving the integers and their properties belongs to the
branch of mathematics called number theory.

1. Division

Definition// If a and b are integers with a # 0, we say that a divides b if there is an
integer ¢ such that b = ac. When a divides b we say that a is a factor of b and that b is
a multiple of a . The notation a | b denotes that a divides b. We write a |/ b when a
does not divide b.

EX//Determine whether 3 |7 and whether 3 |12.

Solution:

It follows that 3 |/7, because 7/3 is not an integer. On the other hand, 3 |12 because
12/3 = 4.

Definition// In the equality given in the division algorithm, d is called the divisor, a is
called the dividend, q is called the quotient, and r is called the remainder. this notation
is used to express the quotient and remainder:

g=adivd, r=amodd.

EX// What are the quotient and remainder when 101 is divided by 11?

Solution: We have 101=99 + 2.

Hence, the quotient when 101 is divided by 11 is 9 = 101 div 11, and the remainder is
2=101mod 11.

2. Primes

Every positive integer greater than 1 is divisible by at least two integers, because a
positive integer is divisible by 1 and by itself. Positive integers that have exactly two
different positive integer factors are called primes.

e A positive integer that is greater than 1 and is not prime is called composite.
Remark: The integer n is composite if and only if there exists an integer a such that ajn
andl<a<n.
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EX// The integer 7 is prime because its only positive factors are 1 and 7, whereas the
integer 9 is composite because it is divisible by 3 .

The primes less than 100 are 2, 3,5, 7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,
53,59, 61,67,71,73,79, 83, 89, and 97.

EX// The prime factorizations of 100, 999, and 1024 are given by

100=2-.2.5.5=2% 5%
999=3.3-3.37=3%.37,
1024=2-2-2.2-2.2.2.2.2.2=21,

EX// Find the prime factorization of 7007.

Solution:

To find the prime factorization of 7007, first perform divisions of 7007 by successive
primes, beginning with 2. None of the primes 2, 3, and 5 divides 7007.

However, 7 divides 7007, with 7007/7 = 1001 . Next, divide 1001 by successive
primes, beginning with 7. It is immediately seen that 7 also divides 1001 , because
1001 /7 =143.

Continue by dividing 143 by successive primes, beginning with 7.

Although 7 does not divide 143, 11 does divide 143, and 143 /11 =13.

Because 13 is prime, the procedure is completed. It follows that the prime
factorization of 7007 is7.7.11.13=7%.11.13.

3. Greatest Common Divisors (GCD)

The largest integer that divides both of two integers is called the greatest common
divisor of these integers.
Let a and b be integers, not both zero. The largest integer d such thatd |[aand d | b is
called the greatest common divisor of a and b. The greatest common divisor of a and b
Is denoted by gcd (a, b).
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EX// What is the greatest common divisor of 24 and 367
Solution: The positive common divisors of 24 and 36 are 1, 2, 3, 4, 6, and 12 .
Hence, gcd(24, 36) = 12.

EX// What is the greatest common divisor of 17 and 22?
Solution: The integers 17 and 22 have no positive common divisors other than 1, so
that gcd(17,22)=1.

» The second way to find the greatest common divisor of two integers is to use the
prime factorizations of these integers. Suppose that the prime factorizations of the
integers a and b, neither equal to zero, are

: b b b,
a:pf'pgz...pﬁn! bzpllpzz...pn!

where each exponent is a nonnegative integer, and where all primes occurring in the
prime factorization of either a or b are included in both factorizations, with zero
exponents if necessary. Then gcd(a, b) is given by

gcd(a, b) = p:nin(ahbl)p;nin(az, b)) . p;nin(a"’ bn)’

where min(x , y) represents the minimum of the two numbers x and y. To show that
this formula for gcd(a , b) is valid, we must show that the integer on the right-hand
side divides both a and b, and that no larger integer also does. This integer does divide
both a and b, because the power of each prime in the factorization does not exceed the
power of this prime in either the factorization of a or that of b. Further, no larger
integer can divide both a and b, because the exponents of the primes in this
factorization cannot be increased, and no other primes can be included.

EX/ Because the prime factorizations of 120 and 500 are 120 = 2°. 3. 5 and 500 = 22 .
5% | the greatest common divisor is

ng(lZO, 500) — 2min(3,2)3min(l*G)Smin(l, 3) 223[151 — 0.
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EX// Find GCD of each by finding the prime factorizations?
1. gcd (2415,3289)
2415=3.5.7.23
3289=11.13.23
gcd (2415,3289) =23

2. ged (406,555)
406=2.7.29
555=3.5.37
gcd (406,555) =1

3. ged (4278,8602)
4278=2.3.23.31
8602=2.11.17.23
gcd (4278,8602) =2.23=46

» The third way to find GCD is Euclidean Algorithm
The Euclidean Algorithm
This method asks you to perform successive division:
1. The smaller of 2 number into the larger
2. The resulting remainder divided into divisor until the remainder is equal zero,
of that point look to the remainder of the previous division that will be the
greatest common divisor.

The Euclidean Algorithm.
procedure gcd(a , b: positive integers)
{x:=a

y:=b

while (y =1 0)

begin

r:=xmody

X:=y

yi=r

end (gcd(a, b) isx }
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In Algorithm , the initial values o f x and y are a and b, respectively. At each stage
of the procedure, X is replaced by y, and y is replaced by x mod y, which is the
remainder when X is divided by y. This process is repeated as long as y # 0. The
algorithm terminates when y = 0, and the value of x at that point, the last nonzero

remainder in the procedure, is the greatest common divisor of a and b.

EX// Find the greatest common divisor of 414 and 662 using the Euclidean algorithm.

Solution:

Successive uses of the division algorithm give:
X =662, y =414, r =248

X =414, y =248, r =166

X =248, y =166, r =82

X =166, y =82, r=2
X =82, y =2, r=0
X =2, y =

Hence, gcd(414, 662) = 2, because 2 is the last nonzero remainder.

EX// Find the gcd (1424,3084) using Euclidean

Solution:
Successive uses of the division algorithm give:
x=3084, y=1424, r=236

X =1424, vy =236, r=8
X =236, y =8, r=4
X =8, y =4, r=0
X =4, y =0

Hence, gcd(1424,3084) = 4, because 4 is the last nonzero remainder.
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Applications of Number Theory

Congruence’s have many applications to discrete mathematics and computer science.
One of these is cryptology, which is the study of secret messages. One of the earliest
is Julius Caesar by shifting each letter three letters forward in the alphabet.

In the encrypted version of the message, the letter represented by p is replaced with
the letter represented by (p + 3) mod 26.

0123456789............. 25

abcdef ghij............. Z

The P integer p<=25 can be replaced by
£(p)=(p+3)mod 26
Let p= 6 which is the char 9
£(p)= (6+3) mod 26
=9 which is the char j
Then we replace g by j

EX// What is the secret message produced from the message "MEET YOU IN THE
PARK" using the Caesar cipher?
Solution: First replace the letters in the message with numbers.

This produces
124419 241420 813 1974 15 0 17 10.

Now replace each of these numbers p by

f(p) = (p + 3) mod 26.

This gives

57722 1 17 23 1116 22 107 18 3 20 13.

Translating this back to letters produces the encrypted message
"PHHW B RX LQ WKH SDUN."

The decryption

£'(p)= (p-3) mod 26

One approach to enhance the security is to use a function of the form
£(p)=(ap+b) mod 26
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1. What is the secret message produced from the message "EOXH MHDQV"
using the Caesar cipher?

2. What is the secret message produced from the message "HDW GLP VXP"
using the Caesar cipher?

Hashing Functions

The central computer at an insurance company maintains records for each of its
customers. How can memory locations be assigned so that customer records can be
retrieved quickly? The solution to this problem is to use a suitably chosen hashing
function.

Records are identified using a key, which uniquely identifies each customer's
records. For instance, customer records are often identified using the Social Security
number of the customer as the key. A hashing function h assigns memory location h
(K) to the record that has k as its key.

In practice, many different hashing functions are used. One of the most common
is the Function h(k) = k mod m
where m is the number of available memory locations.

Hashing functions should be easily evaluated so that files can be quickly located. The
hashing function h (k) = k mod m meets this requirement; to find h (k), we need only
compute the remainder when k is divided by m . Furthermore, the hashing function
should be onto, so that all memory locations are possible. The function h (k) = k mod
m also satisfies this property.

EX1// Let m=10, find hashing function to 95,90,45

90

Solution:

1. H(95)=95mod 10=5
2. H(90)=90 mod 10=0
3. H(45)=45mod 10=5

95

To solve this assign the first free location, the following location 45 set to 6 . 45
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EX2// parking has (31) visitor spaces, numbered from 0 to 30. Visitation use hashing
function h(k)= k mod 31, where k is the number of the car : 317, 918, 100, 111, 310.
Solution:

1. h(317)=317 mod 31=7 310

2. h(917)= 917 mod 31= 18

3. h(100)= 100 mod 31=7

4. h(111)= 111 mod 31= 18 517

5. h(310)= 310 mod 31= 0 100
918
111

The RSA Cryptosystem
1. Itis a public key cryptosystem.
2. Itis based on modular exponentiation modulo the product of two large primes.
3. Each individual has an encryption key consisting of a modulus n = pg , where p
and q are large primes,and m=(p-1)(q-1).
4. Choose a small number e such that gcd(e,m)=1
5. Find d, such that d= (1+zm)/e , where z any integer.

RSA Encryption

In the RSA encryption method, messages are translated into sequences of integers.
This can be done by translating each letter into an integer, as is done with the Caesar
cipher. These integers are grouped together to form larger integers, each representing
a block of letters. The encryption proceeds by transforming the integer M
representing the plaintext (the original message), to an integer C , representing the
ciphertext (the encrypted message), using the function

C=M°® modn using public key(n,e).

(To perform the encryption, we use an algorithm for fast modular exponentiation, We
leave the encrypted message as blocks of numbers and send these to the intended
recipient)
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RSA Decryption

The plaintext message can be quickly recovered when the decryption key d, an inverse
of e modulo (p-1)(g-1), is known. [Such an inverse exists because gcd(e,(p-1)(g-1))=1
To see this, note that if de == 1 (mod (p - 1) (q -1)), there is an integer k such that de =

1+k(p-1)(q-1). It follows that

C? = (M%) = M7 = M'THP=X9"D(mod n). using secret key(n,d)

By Fermat's Little Theorem [assuming that gcd(M , p) = gcd(M, g ) = 1, which holds

except in rare cases], it follows that MP- | == 1 (mod p) and Mqg- 1 == 1 (mod q).
Consequently

Cl==M. M"Y @D ==M . 1==M (mod p)

And

Cl==M (M )®V==M.1==M (mod q)

Because gcd(p, q) = 1, it follows by the Chinese Remainder Theorem that

C?==M (mod pq ).

EX1// Encrypt the message STOP with p=11, q=13?
Solution:

N=p.q=11.13=143

M= (p-1)(g-1)= 10.12=120

Find e such that Gecd(e,m)=1

E=2,3,4,5,6,7

Gced(e,120)=1

S E=7

We compute c=m° mod n STOP
C=(18 19)° mod 143=k1 18 19 14 15

C=(14 15)° mod 143=k2
K1 k2 is crypt message

To decrypt the message :

We compute d= (1+zm)/e , where z any integer , d integer
Z=0,d =1/7

Z=1, d =(1+120) /7

Z=6, d =(1+6*120)/7= 103

M=c® mod n.
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EX2// Encrypt the message BASRAH with p=7, g=11
Solution:

N=p.q=7.11=77
M= (p-1)(g-1)= 6.10=60

Find e such that Ged(e,m)=1

E=2,3,4,5,6,7

Gced(e,60)=1

S E=7

We compute c=m° mod n BASR AH
C=(10)" mod 77=k1 1018170 7

C=(18 17)" mod 77=k2
C=(07)" mod 77=k3
K1 k2 K3 is crypt message

To decrypt the message :

We compute d= (1+zm)/e , where z any integer , d integer
d=(1+60*2)/7

z==0,1,2,3,4,5

. d=(1+60*5)/7 = 301/7=43

M=c’ mod n.

M1=(k1)* mod n , M2=(k2)* mod n, M3=(k3)** mod n
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CHAPTER THREE

> Matrices
> Propositional and Logical Operations
» Conditional Statements

e Matrices
Matrices are used throughout discrete mathematics to express relationships between
elements in sets. For instance, matrices will be used in models of communications
networks and transportation systems. Many algorithms will be developed that use
these matrix models.

Definition// A matrix is a rectangular array of numbers. A matrix with m rows and n
columns is called an m x n matrix. The plural of matrix is matrices. A matrix with the
same number of rows as columns is called square. Two matrices are equal if they
have the same number of rows and the same number of columns and the
corresponding entries in every position are equal.

EXAMPLE 1

1 1
The matrix [O 2] 1s a 3 x 2 matrix.
1 3

# We now introduce some terminology about matrices. Boldface uppercase letters will
be used to represent matrices.

Definition// Let

an 412 ... din
azy, az ... daz,
A= . ; :
dpl dn2 s Aupn
The ith row of A is the 1 x n matrix [ai), @2, ..., a;n). The jth column of A is the n x 1
matrix
al_,
02_,'
Qpj
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The (i, j)th element or entry of A is the element aij, that is, the number in the ith row
and jth column of A. A convenient shorthand notation for expressing the matrix A is
to write A = [aij], which indicates that A is the matrix with its (i, j)th element equal to
aij.

e Matrix Arithmetic
The basic operations of matrix arithmetic will now be discussed.

e The sum of two matrix

Definition// Let A = [aij] and B = [bij] be m x n matrices. The sum of A and B,
denoted by A + B, is the m x n matrix that has aij + bij as its (i, j)th element. In other
words, A + B = [aij + bij].

The sum of two matrices of the same size is obtained by adding elements in the
corresponding positions. Matrices of different sizes cannot be added, because the sum
of two matrices is defined only when both matrices have the same number of rows and
the same number of columns.

EX//
1 0 -1 3 4 -1 4 4 -2
Wehave | 2 2 —3]+[ 1 -3 0] =3 -1 -31|.
3 4 0 -1 1 2 2 5 2

e The product of two matrix

Definition// Let A be an m x k matrix and B be an k x n matrix. The product of A and
B, denoted by AB, is the m x n matrix with its (i , J)th entry equal to the sum of the
products of the corresponding elements from the ith row of A and the Jth column of B.
In other words,

if AB = [Cii] then Cij = ai1 blj + apbyi + . ..+ aiby.

A product of two matrices is defined only when the number of columns in the first
matrix equals the number of rows of the second matrix.

Page 35



COMP [104] DISCRETE STRUCTURE

EX// Let
i 6 .4 5 A
A=[§ : (')] and Bz[l 1].
0 2 2 * 9

Find AB if it is defined.

Solution: Because A is a 4 x 3 matrix and B is a 3 x 2 matrix, the product AB is
defined and is a 4 x 2 matrix.

To find the elements of AB, the corresponding elements of the rows of A and the
columns of B are first multiplied and then these products are added.

AB are computed, we see that

14 4
8 9
AB=| 5 43
8 2

e The commutative product of two matrix

Matrix multiplication is not commutative. That is, if A and B are two matrices, it is
not necessarily true that AB and BA are the same. In fact, it may be that only one of
these two products is defined. For instance, if Ais 2 x 3 and B is 3 x 4, then AB is
defined and is 2 x 4; however, BA is not defined, because it is impossible to multiply
a 3 X 4 matrix and a 2 x 3 matrix.

Definition// Let A is an m x n matrix and B is an r x s matrix. Then AB is defined
only when n = r and BA is defined only when s = m. Moreover, even when AB and
BA are both defined, they will not be the same size unlessm=n=r=s.

Hence, if both AB and BA are defined and are the same size, then both A and B must
be square and of the same size. Furthermore, even with A and B both n x n matrices,
AB and BA are not necessarily equal.
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EX/I Let
) 2
A=[2 l] and Bz[l l]'
Does AB = BA?

Solution: We find that

AB:[:; g] and BA=[4 3].

Hence, AB # BA.

e Algorithms for Matrix Multiplication

The definition of the product of two matrices leads to an algorithm that computes the
product of two matrices. Suppose that C = [cij] is the m x n matrix that is the product
of the m x k matrix A = [aij] and the k x n matrix B = [bij]. The algorithm based on
the definition of the matrix product is expressed in pseudocode in Algorithm .

Algorithm Matrix Multiplication.

Procedure matrix multiplication(A, B: matrices)

fori:=1tom
forj:=1ton
begin

Cij:=0
forg:=1tok

Cij := Cij + aiq bqj
end

{C =[Cij ] is the product of A and B}

We can determine the complexity of this algorithm in terms of the number of
additions and multiplications used.
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EX/I' In which order should the matrices A1, A2 , and A3 where Al is 30 x 20, A2 is
20 x 40, and A3 is 40 x 10, all with integer entries-be multiplied to use the least
number of multiplications of integers?

Solution:
There are two possible ways to compute Al (A2A3).

These are Al (A2A3) and (Al A2)AS.

1. If A2 and A3 are first multiplied, a total of 20.40.10 = 8000 multiplications of
integers are used to obtain the 20 x 10 matrix A2A3 . Then, to multiply Al and
A2A3 requires 30.20.10 = 6000 multiplications. Hence, atotal of 8000 + 6000 =
14,000 multiplications are used.

2. On the other hand, if A1 and A2 are first multiplied, then 30 .20 .40 =24,000
multiplications are used to obtain the 30 x 40 matrix A1 A2 . Then, to multiply
Al A2 and A3 requires 30 x 40 x 10 = 12,000 multiplications. Hence, a total of
24,000 + 12,000 = 36,000 multiplications are used. Clearly, the first method is
more efficient.

e |dentity Matrix
Definition// The identity matrix of order n is the n X n matrix
In=[Sij], where Sij=1ifi=j and Sij=0ifi#]j.

Hence
1 0 0
0 1 0
I, = : ;
0O 0 ... 1

Multiplying a matrix by an appropriately sized identity matrix does not change this
matrix. In other words, when A is an m X n matrix, we have

Al, =I,A =A.

e Powers of Matrices
Powers of the matrices can be defined. When A is an n X n matrix, we have

A== Ty A" = AAA---A.

» umes
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e Transposes of Matrices

Definition// Let A = [aij] be an m x n matrix. The transpose of A, denoted by N, is
the n X m matrix obtained by interchanging the rows and columns of A. In other
words, if At = [hij], then hij=ajifori=1,2,..,nandj=1,2,..,m.

EX// The transpose of the matrix

1 4
[}1 ';' 2]isthematrix|i2 5]‘
3 6

Matrices that do not change when their rows and columns are interchanged are often
important.

e Symmetric Matrices

Definition// A square matrix A is called symmetric if A = A. Thus A = [aij] is
symmetric if aij = aji forall iand jwith 1 <i<nand 1 <j<n.

Note that a matrix is symmetric if and only if it is square and it is symmetric with
respect to its main diagonal (which consists of entries that are in the ith row and ith
column for some ).

EX/I
O

The matrix |: 1 @ 1 :| is symmetric.
0: 2 0
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e Zero-One Matrices

A matrix with entries that are either 0 or 1 is called a zero-one matrix. Algorithms
using these structures are based on Boolean arithmetic with zero-one matrices. This
arithmetic is based on the Boolean operations v and A, which operate on pairs of bits,
defined by

b b {1 ifby=5b,=1
L= g otherwise,

o 1 ifbp=1orb, =1
WM, = 0 otherwise.

» Join and Meet of the zero-one matrixes
Definition//  Let A = [aij] and B = [bij] be m x n zero-one matrices. Then the join of

A and B is the zero-one matrix with (i, j)th entry aij v bij. The join of A and B is
denoted by A v B. The meet of A and B is the zero-one matrix with (i, j)th entry aij A
bij. The meet of A and B is denoted by A AB.

EX// Find the join and meet of the zero-one matrices
L O 1 0O 1 O
A—[o 1 0]' B—[l 1 0]'
Solution: We find that the join of A and B is

I1vo Ovl 1voO 1
AVB:[OVI 1v1 0v0]=[1 1 0

[a—
[
| S

The meet of A and B is

_|IA0 OAT1 1AO0|_]0 O O
AAB—[O/\I 1Al 0/\0]—[0 1 0]'
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> Boolean product of the zero-one matrixes

Definition//  Let A = [aij] be an m x k zero-one matrix and B = [bij] be an k x n
zero-one matrix. Then the Boolean product of A and B, denoted by AOB, is the mxn
matrix with (i, j)th entry Cij where Cij = (ail A blj) v (ai2 A b2j) v ... v (aik A bkj).
Note that the Boolean product of A and B is obtained in an analogous way to the
ordinary product of these matrices, but with addition replaced with the operation v
and with multiplication replaced with the operation A. We give an example of the
Boolean products of matrices.

Algorithm the boolean product.
procedure Boolean product (A, B: zero-one matrices)

{fori:=1tom
forj:=1ton

begin

Cij:=0

forg:=1tok

Cij:=Cij v (aig A bqj)
End }

C =[cij] is the Boolean product of A and B

EX// Find the Boolean product of A and B, where
1 0
Az{o 1], p=[ 1 9]
1 0
Solution: The Boolean product A © B is given by

AOB=[(0AD)VAAOD OADVIAL (0A0V(IAL
| (IAD)VOA0 (AADVOATL (1A0)VOAL)

C1vO0 1wvo0 0\/0]

[(IADVOAO (IADVOALD (IAO)V(OAI):|

=|0v0 Ovl 0Ovli
L 1vD 1vO0 0OvO

1 1 0
_[o 1 1].
1 1 0
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> Boolean Power of the zero-one matrixes

Definition// Let A be a square zero-one matrix and let r be a positive integer. The rth
Boolean power of A is the Boolean product of r factors of A. The rth Boolean product
of A is denoted by Al

Hence

A= AOAOAO ... OA,

r times

(This is well defined because the Boolean product of matrices is associative.) We also define

Al to be I,

EXAMPLE

0 01
LetA= [l 0 0:|.thAW for all positive integers ».
1 10

Solution: We find that
110
AmzAOA=!00 q.
1 01

We akso find that

101 O (I
AmzAmOAz[ll ol AW=Am®A=[|0 q.
111 111

Additional computation shows that

111
AB=1111].
111

The reader can now see that A" = AF! for all positive integers n with n > 5. 4

The number of bit operations used to find the Boolean product of two »n x n matrices can
be easily determined.
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e Propositional and Logical Operations

1. Propositional Logic
A proposition is a declarative sentence that is either true or false, but not both.

EX// Consider the following sentences.

1. What time is it?

2 . Read this carefully.

3.x+1=2.

4. xX+y=21.

5. Baghdad is the capital of Iraqg.

6. 10+20=40.
Solution:
Sentences 1 and 2 are not propositions because they are not declarative sentences.
Sentences 3 and 4 are not propositions because they are neither true nor false. Note
that each of sentences 3 and 4 can be turned into a proposition if we assign values to
the variables. Sentence 5 is true proposition but Sentence 6 is false proposition.

» Many mathematical statements are constructed by combining one or more
propositions. New propositions, called compound propositions, are formed
from existing propositions using logical operators.

Definition//  Let p be a proposition. The negation of p, denoted by -p (also denoted
by p), is the statement "It is not the case that p."

The proposition = p is read "not p." The truth value of the negation of p, = p, is the
opposite of the truth value of p.

TABLE 1 The Truth Table for the Negation of a Proposition.

P 1P

T F

EX/I
"Today is Friday." = P
"Today is NOT Friday." - -P
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Definition //  Let p and q be propositions. The conjunction of p and g, denoted by
P A Q, IS the proposition "p and g ". The conjunction p A q is true when both p and q
are true and is false otherwise.

Table 2 displays the truth table forp A q .

TABLE 2 The Truth Table for
the Conjunction of Two
Propositions.

P q9 PNg

T T T

T F F

F T F

F F F

> Note that in logic the word "but" sometimes is used instead of "and" in a
conjunction. For example, the statement "The sun is shining, but it is raining"
Is another way of saying "The sun is shining and it is raining."

EX// Find the conjunction of the propositions p and q where p is the proposition
"Today is Friday" and q is the proposition "It is raining today."

Solution: The conjunction of these propositions, p Ag, is the proposition "Today is
Friday and it is raining today." This proposition is true on rainy Fridays and is false on
any day that is not a Friday and on Fridays when it does not rain.

Definition// Let p and g be propositions. The disjunction of p and g, denoted by pvq,
IS the proposition "p or g . The disjunction (pvq) is false when both p and q are false
and is true otherwise.

Table 3 displays the truth table forp v q.

TABLE 3 The Truth Table for
the Disjunction of Two
Propositions.

p

Mmoo e
Mmoo <

T
T
F
F
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# The use of the connective or in a disjunction corresponds to one of the two ways the
word or is used in English, namely, in an inclusive way. A disjunction is true when at
least one of the two propositions is true. For instance, the inclusive or is being used in
the statement "Students who have taken calculus or computer science can take this
class."

Definition//Let p and g be propositions. The exclusive or of p and g,denoted by p&q,
Is the proposition that is true when exactly one of p and q is true and is false
otherwise.

The truth table for the exclusive or of two propositions is displayed in Table 4.

TABLE 4 The Truth Table for
the Exclusive Or of Two
Propositions.

P q9 pDyq

T T F

i F T

F T T

F F F

2. Conditional Statements
We will discuss several other important ways in which propositions can be combined.

Definition// Let p and q be propositions. The conditional statement p —=>q is the
proposition "if p, then g ". The conditional statement p—> q is false when p is true and
q is false, and true otherwise.

The truth table for the conditional statement p—> q is shown in Table 5.

TABLE 5 The Truth Table for
the Conditional Statement
P —4q.
P q P—9q
[ T T
2 I3 F F
F T T
F F T

Page 45



COMP [104] DISCRETE STRUCTURE

# In the conditional statement p = q, p is called the hypothesis (or antecedent or
premise) and q is called the conclusion (or consequence).
The statement p =q is called a conditional statement because p = asserts that q is
true on the condition that p holds. A conditional statement is also called an
implication.

EXAMPLE //

"If it is raining, then the home team wins." p —q

# The contrapositive (4 g — 9 p) is of this conditional statement is "If the home
team does not win, then it is not raining."

# The converse (g—p) is "If the home team wins, then it is raining."

# The inverse (q p — =1 q)is "If it is not raining, then the home team does not win."
Only the contrapositive is equivalent to the original statement

Definition// Let p and g be propositions. The biconditional statement p <> q is the
proposition "p if and only if g ." The biconditional statement p <> q is true when p and
g have the same truth values, and is false otherwise. Biconditional statements are also
called bi-implications.

e The last way of expressing the bi-conditional statement p — g uses the abbreviation
"iff" for "if and only if”. Note that p <> q has exactly the same truth value as

(P—>0a) A (G-p)

The truth table for p <> qis shown in Table 6.

TABLE 6 The Truth Table for the
Biconditional p «— gq.

P q P q
T T T
T F F
F T F
F F 0 B
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EX // Let p be the statement "You can take the flight" and let q be the statement "You
buy a ticket." Then p = q is the statement "You can take the flight if and only if you
buy a ticket."

EX//Construct the truth table of the compound proposition
(pv =1 0) > (pAQ).

The resulting truth table is shown in Table 7.

TABLE 8
Precedence of
TABLE 7 The Truth Tableof (pV —¢) — (p Agq). Logical
Operators.
P q q pPV—q pPAg (pv-q)—(pAg ¥
Operator | Precedence
T T F T T
- 1
T F  } T F F
F T F F F T C 3
F F T T F F
o 4
> 5

Table 8 displays the precedence levels of the logical operators, =, A, v, 2, and <

3. Propositional Equivalences

Definition// A compound proposition that is always true, no matter what the truth
values of the propositions that occur in it, is called a tautology. A compound
proposition that is always false is called a contradiction.
A compound proposition that is neither a tautology nor a contradiction is called a
contingency.

e Tautology (p v= p), Contradiction (p A= p)

TABLE 1 Examples of a Tautology and a
Contradiction. '
P Y 4 pN —p PN\—p
T F T F
F T T : F
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Definition //  The compound propositions p and q are called logically equivalent if
p < q Is a tautology. The notation p = g denotes that p and g are logically equivalent.

EX/Ip—q == pvq

TABLE 2 De Morgan’s
Laws.

—~(pAg)=—pV—g
—~(pVvqg)=—pA—gq

4. proposition Algebra
let p,q and r propositions

Equivalence Name

pANT=p Identity laws
pvF=p

pvT=T Domination laws
pAF=F

PVYP=Pp Idempotent laws
PAP=Pp

—~(—p)=p Double negation law

PVg=qVp
PAG=qgAp

Commutative laws

(pvg)vVr=pvVv(qVr)
AgIAr=pA(gAr)

Associative laws

pv@nr)y=(pvg)n(pVvr)
PpA@Vvr)=((@Aq)V(pAr)

Distributive laws

—~(pNng)=—"pV —q
—~(pVvVg)=—-pAn—q

De Morgan’s laws

pVv(pAg)=p
pA(pVvg)=p

Absorption laws

pv—p=T
pN—-p=F

Negation laws
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EX// Show that 5 (p v (7 p A Q) and (4 p A =1 q) are logically equivalent by
developing a series of logical equivalences.

Solution:

—(pV(pAg)=—-pA-(-pAgqg) by the second De Morgan law
=-pA[-(—p)V —q] by the first De Morgan law
=-pA(pV—q) by the double negation law
= (—pAp)V(—p A—q) by the second distributive law
=FV(—pA—gq) because ~p A p=F
=(—pA—q)VF by the commutative law for dis junction
= pA—gq by the identity law for F

EX/I'is (pAg)A-(pvq) tautology or contradiction

(PAG)A(pva) = (PAG)A (1 PATT Q)
=pAQ AT PAT(Q
=(pAr1 pA (@ AT Q)
=FAF
= F — contradiction
H.W//
1.is [pA(p—>Qq)] =2 q tautology or contradiction

2. (= gna(p—>Qq))> -q tautology or contradiction
3. prove pAg—> pv( is tautology

4. prove (pAg)A-(pvQ) is contradiction

5. prove ((p—=2 q)A~q)—=>= p is tautology

6.Use truth table to show the prove is tautology or contradiction?

A (p>9) e (9> p)
B. > (pv-p)
C. = [(par~p)>0)

5. Quantifiers

Definition// The universal quantification of P (x) is the statement "P(x) for all values
of x in the domain."
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The notation Vx P (x) denotes the universal quantification of P(x). Here V is called
the universal quantifier. We read vx P(x) as "for all x P(x)" or "for every x P(x )."
An element for which P(x) is false is called a counterexample of x P (x).

The meaning of the universal quantifier is summarized in the first row of Table 1

Definition// The existential quantification of P(x) is the proposition

"There exists an element x in the domain such that P (x )."

We use the notation 3x P(x) for the existential quantification of P(x). Here 3 is called
the existential quantifier.

TABLE 1 Quantifiers.
Statement When True? When False?
VxP(x) P(x) is true for every x. There 1s an x for which P(x) & false.
Ix P(x) There is an x for which P(x) is true. P(x) is false for every x.
Examples

Every student in comp. dept his age <25 years
There is student in IS dept. his age > 25 years
Every student in the class, has studied calculus.

EX// Some student in the class has visited cairo, and every one in the class has visited
either Baghdad or cairo
Solution:

P(x): visited cairo, Q(x): visited baghdad , 3x p(X)A ¥x (p(X)vq(x))

EX// The sum of two positive integers is positive ?
Solution:
VX VY (x>0 Ay>0) 2 x+y >0

EX// Let p(x) = x>3 what are the truth values of p(4) and p(2)
Solution:
P(4) true, P(2) false

EX/I Let q(x,y) =x=y+3, what are the truth value of the propositions q(1,2), q(3,0).
Solution:
q(1,2) false, q(3,0) true
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6. Negating Quantified Expressions
The negation for 3x p(x) is VX 1p(X)
The negation for Vx p(x) is 3Ix 1 p(X)
EX// There is student in your class who has taken a course in calculus: 3 x p(x)
Every student in your class, has not taken a course in calculus: ¥ Xx1p(X)

EX// Let p(x) is “x student spend more than 4 hours daily in studying ”
Express each of the quantifiers in English
e 3X p(X)
There is a student who spends more than 4 hours daily in studying

e VX p(X)
Every student who spends more than 4 hours daily in studying.

e 3X 1p(X)
There is a student who does not spend more than 4 hours daily in studying.

o VX 1p(x)
Every student who does not spends more than 4 hours daily in studying.

EX// Let L (x,y) be the statement "x loves y," where the domain for both x and y
consists of all people in the world. Use quantifiers to express each of these statements.
a) Everybody loves Mohammad.
Vv x L (x, Mohammad)
b) Everybody loves somebody.
vV x 3yL(xy)
c) There is somebody whom everybody loves him.
dy vx L (Xy)
d) Nobody loves everybody.
VX Vy1 L(XY)
e) There is somebody whom ahmad does not love.
3y 7 L(ahmad,y)
t) There is somebody whom no one loves.
Jy vx 1L(xy)
)] Everyone loves himself.
VX L (X,X).
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CHAPTER FOUR

» Mathematical Induction
» Recursive
» Methods of Proving Theorems

» Mathematical Induction
In general, mathematical induction can be used to prove statements that assert that
P(n) is true for all positive integers n, where P (n) is a propositional function. A proof
by mathematical induction has two parts, a basis step, where we show that P(l) is true,
and an inductive step, where we show that for all positive integers K, if P(K) is true,
then P(k + 1) is true.

Principle of mathematical induction to prove that P(n) is true for all positive integers n
, Where P(n) is a propositional function, we complete two steps:

1. Basis step: we verify that p(k) is true.
2. Inductive step: we show that the conditional statement p(k) — p(k + 1) is true for
all positive integers k.

# Examples of Proofs by Mathematical Induction

EX1// use mathematical induction to prove for all n, 1+2+... +n=n(n+1)/2 ?

Solution:
The basic idea is to approach the proof in 2 step
1. Prove the statement is true for n=1 (basis step)
2. Prove that whenever the statement is true for case n, it is also true for n+1
(inductive step)
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Solution: Let P(n) be the proposition that the sum of the first n positive integers is n(n + 1)/z

We must do two things to prove that P(n) is true forn = 1, 2, 3, .. .. Namely, we must show thz
P (1) is true and that the conditional statement P (k) implies P(k + 1)istruefork = 1,2, 3, ...
1(1+1)

BASIS STEP: P(1)istrue, because 1 = >

INDUCTIVE STEP: For the inductive hypothesis we assume that P (k) holds for an arbitrar
positive integer k. That is, we assume that

1+2+---+k=k(k2+l).

Under this assumption, it must be shown that P(k + 1) is true, namely, that

(k+D[k+1D+1]  (k+ 1)k +2)
2 - 2

is also true. When we add & + 1 to both sides of the equation in P(k), we obtain

142+--+k+(k+1)=

k(k+ 1)
2

1+24+---+k+k+1)= +(k+1)

_k(k+1)+2(k+1)
= 2
(k1)K +2)

- : :

Means p(k+1) is ture

EX2// use mathematical induction to prove the sum the first n odd integer is n? ?
1+3+5+.....4+(2n-1)=n

Solution:
First step :p(1) is true 1=1°
Induction Step: assume p(k) is true so p(k+1) is true
1+3+5+....+(2k-1)=K
p(k+1)= 1+3+5+.... +2(k +1-1)=(k+1)
=K*+2k+1= (k+1)?

We must prove p(k)—p(k+1)
1+3+5+....+2k-1)+ (2(k+1)-1)=k*+2k+1

=(k+1)*
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EX3//Use mathematical Induction to show :
1+2+2%+, . +2"=2"11  forn=0,1,..

Solution:
Basis step :p(0) is true since 2°=2-1=1
Induction Step: assume p(K) is true
1+2+2%+. . +24=2"11

To carry out the inductive step using this assumption, we must show that when we assume
that P (k) is true, then P(k + 1) is also true. That is, we must show that

l+2+22++2k+2k+| =2(k+”+l -] =2k+2_ 1
assuming the inductive hypothesis P(k). Under the assumption of P(k), we see that

424224 4 264280 = (1 424224 ... 4 2k) 4 2K+
= (2K — 1) 4 24
=2.2k+l_|

=2k+2_ 1.

EX4//Use mathematical Induction to show :
1.2+2.3+...4n(n+1)=n(n+1)(n+2)/3

Solution:

Basis step :p(1) is true since

1*2=1(1+1)(1+2)/3

2=2

Induction Step: assume p(K) is true

1.2+2.3+...+k(k+1)= k(k+1) (k+2)/3

P(k+1):

1.242.3+...+ (k+1)(k+2) = (k+1) (k+2) (k+3)/3

We must prove p(k)—p(k+1)

1.2+2.3+...+ k(k+1)+(k+1) (k+2) = k (k+1) (k+2) /3+(k+1) (k+2)
=(k+1) (k+2) {k/3+1}
=(k+1) (k+2)(k+3)/3
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EX5//Use mathematical Induction to show :
1.2.3+2.3.4+.. 4n(n+1)(n+2)= n(n+1)(n+2)(n+3)/4

Solution:
Basis step :p(1) is true since
1.2.3=1(2)(3)(4)/4
6=6
Induction Step: assume p(K) is true
1.2.3+...+K(k+1)(k+2)=k(k+1)(k+2)(k+3)/4
P(k+1)=1.2.3+...+(k+1) (k+2) (k+3)= (k+1) (k+2) (k+3)(k+4)/4
We must prove p(k)—>p(k+1)
1.2.3+...+k(k+1) (k+2) +(k+1) (k+2) (k+3)= k(k+1) (k+2) (k+3)/4 +(k+1) (k+2)
(k+3)
= (k+1) (k+2) (k+3){k/4+1}
= (k+1) (k+2) (k+3)(k+4)/4

EX6//Use mathematical Induction to show :
1, 1/27 =2"-1/2" n=1

Solution:
Basis step :p(1) is true since
1/2=1/2
Induction Step: assume p(K) is true
k11720 = 2512
p(k+1)= ¥kt 1727 = 21724
We must prove p(k)—>p(k+1)
F1/27 +1/2k+2
=(2%-1)/2% +1/2¥"1= (2(2%-1)+1)/2"**
=(2k+1_2+1) / 2k+1
:(2k+1_1)/2k+1
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> Recursive

Defining the object in terms of itself. Use to define sequence , function, sets.

Recursively Defined Functions
We use two steps to define a function with the set of nonnegative integers as its
domain:

BASIS STEP: Specify the value of the function at zero.

RECURSIVE STEP: Give a rule for finding its value at an integer from its values at
smaller integers.

Such a definition is called a recursive or inductive definition.

EX//Suppose that f is defined recursively by
f(0)=3

f(n + 1) = 2*f(n) + 3.

Find f(1), f(2), f(3), and f(4).

Solution:

From the recursive definition it follows that
f(1) =2*f(0) +3=2*3+3=9,

f(2) =2*f(1) +3=2*9+3=21,
f(3) =2*f(2) +3=2*21+3 =45,

f(4) = 2*f(3) +3=2*45+3=03 .
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EX// if f is defined recursively by f(0)=-1, f(1)=2
Find (2),f(3), f(4), where f(n+1) =f(n)+3f(n-1)
Solution:
F(2)=f(1)+3f(0)

=2+3(-1) =-1
F(3)=f(2)+3f(1)

:—1+3(2) =5
F(4)=f(3)+3f(2)

:5+3(-1) =2

EX// Give an inductive definition of the factorial function F(n) = n!, where F (0) = 1
and find f(5) ?

Solution:
the desired ruleisf (n+ 1) = (n + 1)f(n).
f(5) =5 f(4)
=5.4F (3)
=5-4-3F (2
=5-4-3:-2F(@)
=5-4.3.2.1.F(0)
=5.4.3.2.1.1=120.

EX// Find the Fibonacci numbers f2, f3, f4, f5, and f6?

gzlcu;lﬁg .the first part of the definition states that fo= 0 and f; = 1, it follows from
the second part of the definition that

fo=f +f,=1+0 =1,

fa=f,+f,=1+1=2,

f, = f3 +f, =2+ 1 =3,

fs = f, +f3 =3 + 2 =5,

fe = f5 +f, =5+ 3 =8
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» Methods of Proving Theorems
e Direct Proofs
The implication p —q can show that if p is true then g must be true.
P true and g false never occurs.
This kind of proof is called Direct Proofs.

EX// Give a direct proof of the theorem "If n is an odd integer, then n?is odd.
Solution:
N is odd , there exist an integer k such that
n=2k+1
n®=4k*+ 4k + 1 = 2(2k* + 2k) + 1

. n? is an odd integer.

e Indirect Proof.
The implication p —q is equivalence to 19 —1p , we can proof p — q by
showing its contrapositive 1q —p is true. This called Indirect Proof.

Ex1// Prove by indirect proof that if n is an integer and 3n + 2 is odd, then n is odd.
Solution:
let nis even , so n=2k, k any integer
3n+2=3(2k)+2
= 2(3k+1)
So 3n + 2 is even, therefore not odd.
So the original conditional statement is true

EX2// prove that if n is an integer and n” is odd, then n is odd ?
Solution:

N°=2k+1
N= +v2k +1
The direct prop is not useful , We will use the indirect proof
Let n be even number , so there is
N=2k
N?=4k? =2(2k?)

Which implies that n2 is also even, therefore not odd.

So the original conditional statement is true
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EX3// Show that these statements about the integer n are equivalent:
P1:niseven.
P2 :n-1is odd.

Solution:
We will show P1—-P2
Suppose that n is even. Then n = 2k
n-1=2k-1
=2k-2+1
=2(k-1)+1.
This means that n - 1 is odd.

EX4// s the following argument correct? It supposedly shows that n is an even integer
whenever n? is an even integer.

Solution:
LET n=2k
n*= 4k
=2(2k%

EX5// Show that these statements about the integer n are equivalent:
P1:n-1is odd.
P2 : n?is even.

Solution:
n-1=2k+1
n=2k + 2
n®=(2k +2 )
=4k*+8k+4
=2(2k*+4k+2)
. N?is even
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EX6// prove if x is odd then x+1 is even ?

Solution:
X is odd
X=2k+1
X+1=2k+2
:2(k+1)
~.X+1is even

EX7// prove that sum of 2 odd numbers is even?

Solution:
Let n,m the 2 odd numbers
N=2k+1
M=2L+1
N+M=2k+2L+2
=2(k+L+1)
..the sum is even

EX8// Give a proof by contradiction of the theorem "If 3n + 2 is odd, then n is odd."

Solution:
Let n be even
N=2k
3n=6k
3n+2=6k+2
=6k+2
:2(3k+1)
~.3n+2 is even , it is contradiction “3n + 2 is odd”
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EX9// Give a proof by contradiction of the theorem "If n* + 2 is even, then n is even."

Solution:

Let n be odd

N=2k+1

N?=4k?*+4k+1

N%+2=4k*+4k+3
=4k*+4k+2+1
=2(2k*+2k+1)+1

- n*+2 isodd , it is contradiction “n* + 2 is even”

EX10// let acz then a*a is even, what type a is odd or even ?

Solution:
When a is odd
a=2k+1
a’=4K*+4k+1
a’-a =4k +4k+1-2k-1
=4 K*+2k
=2(2 k*+K)
A2-a is even

When a is even
a=2k

a’=4 K

a%-a=4 k*-2k
=2(2 k*-k)

Also a’-ais even
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CHAPTER FIVE

> Relations

» Properties of Relations

» Operations Relations

» Computer Representation of Relations

e Relations
Relationships between elements of sets occur in many contexts. Every day we
deal with. Relationships such as those between a business and its telephone number,
The most direct way to express a relationship between elements of two sets is to use
ordered pairs made up of two related elements. For this reason, sets of ordered pairs
are called binary relations.

Definition// Let A and B be sets. A binary relation from A to B is a subset of A x B.
In other words, a binary relation from A to B is a set R of ordered pairs where the first
element of each ordered pair comes from A and the second element comes from B.
We use the notation aRb to denote that (a, b) € R. Moreover, when (a, b)belongs to R,
a is said to be related to b by R.

Ex Let A={0,1,2}and B={a,b}. Then {(0, a), (0,b), (1, a), (2, b)}isa
relation from Ato B.

This means, for instance, that ORa , but that 1 R/ b. Relations can be represented
graphically,

e Properties of Relations

There are several properties that are used to classify relations on a set. We will
introduce the most important of these here.

1. A relation R on a set A is called identity if it contains the ordered pair (a, b) €
AXA such that a=b.

Ex:letA={0,1,2, ...}
R={(0, 0),(1,1),(2,2),...}
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2. Arelation R on aset Ais called reflexive if (a, @) € R for every element a €A.

EX: Consider the following relationson { I, 2, 3, 4} :
R1={(1,1),(1,2),(2,1),(2,2),(3,4),41),4 4},
R2={(1,1),(1,2),(2,1)},
R3={(1,1),(1,2),(1,4),(21),(22),3,3),(41),(4 4}
R4={(2,1),3,1),3.2),(41),(42),(423)},
R5={(1,1),(1,2),(1,3),(1,4).(2,2),(2,3),(2,4),(3.,3),(3,4), (4 4)},
R6={(3,4)}.

Which of these relations are reflexive?

Solution: The relations R3 and R5 are reflexive because they both contain all pairs of
the form (a, a), namely, (1,1), (2, 2), (3, 3), and (4, 4). The other relations are not
reflexive because they do not contain all of these ordered pairs. In particular, R1, R2 ,
R4, and R6 are not reflexive because (3, 3) is not in any of these relations.

3. Arelation R on a set A is called symmetric if(b, a) € R whenever (a, b) € R, for
alla,b €A

EX// Which of the relations in previous example are symmetric?

Solution: The relations R2 and R3 are symmetric, because in each case (b, a) belongs
to the relation whenever (a , b) does. For R2 , the only thing to check is that both (2, 1
)and (1, 2) are in the relation. For R3, it is necessary to check that both (1, 2) and
(2, 1) belong to the relation, and (1, 4) and (4, 1) belong to the relation. You should
verify that none of the other relations is symmetric. This is done by finding a pair (a ,
b) such that it is in the relation but (b, a) is not.

4. A relation R on a set A is called transitive if whenever (a, b) € Rand (b, ¢)
R,then(a,c) e R,foralla,b,c e A.
EX// Which of the relations in previous example are transitive?
Solution: R4, R5, and R6 are transitive. For each of these relations, we can show that

it is transitive by verifying that if (a , b) and (b, c) belong to this relation, then (a, c)
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also does. For instance, R4 is transitive, because (3,2)and (2,1), (4,2)and (2, 1),
(4,3)and (3,1), and (4, 3) and (3, 2) are the only such sets of pairs, and (3, 1), (4,
1), and (4, 2) belong to R4 . You should verify that R5 and R6 are transitive. R1 is
not transitive because (3, 4) and (4, 1) belongto R I, but (3, 1) does not. R2 is not
transitive because (2,1 ) and (1, 2) belong to R2 , but (2 , 2) does not. R3 is not
transitive because (4, 1) and (1, 2) belong to R3, but (4, 2) does not. ...

5. A relation R on a set A to B is called inverse relation denoted by R™ from B to
A contains the ordered pair (b, a) such that (a, b) R.

Ex:R ={ (L, 3), (1, 2), (2, 3)} at A={1, 2, 3}
R™ ={(3,1), (2, 1), (3,2)}

e Operations Relations
» Combining Relations
Because relations from A to B are subsets of A x B, two relations from A to B can
be combined in any way two sets can be combined.

EXU/ LetA={1,2,3}andB={1,2,3,4}, therelationsR1={(1,1), (2,
2, 3,3}andR2={(1,1),(1,2),(1,3),(1, 4}, then can be combined to
obtain :

RIUR2={(1,1),(1,2),(1,3),(1,4,(2,2),3,3)},
R1nR2={(1,1)},

R1-R2={(2,2),(3,3)},

R2-RI1={(1,2),(1,3),(1,4)}.

EX2// Let A be the set of all students and B the set of all courses. Suppose that R1
consists of all ordered pairs (a, b), where a is a student who has taken course b, and
R2 consists of all ordered pairs (a , b), where a is a student who requires course b to
graduate. What are the relationsR1UR2,R1nR2 ,R1-R2,and R2 - R1?
Solution:  Therelation R1UR2 consists of all ordered pairs (a, b), where ais a
student who either has taken course b or needs course b to graduate, and
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R1 n R2 is the set of all ordered pairs (a , b), where a is a student who has taken
course b and needs this course to graduate.

R 1 - R2 is the set of ordered pairs (a , b), where a has taken course b but does not
need it to graduate; that is, b is an elective course that a has taken.

R2 — R1 is the set of all ordered pairs (a , b), where b is course that a needs to
graduate but has not taken.

s Composite relations
R and S is the relation consisting of ordered pairs (a, c), wherea € A, ¢ € C, and for
which there exists an element b € B such that (a, b) € Rand (b, ¢) € S. We denote
the composite of Rand Sby SOR..
**Computing the composite of two relations requires that we find elements that are
the second element of ordered pairs in the first relation and the first element of
ordered pairs in the second relation.

EX// What is the composite of the relations R and S, where R is the relation from
{1,2,3}t0{1,2,3 4}with R={(1,1),(1,4),(23),(3,1),(3,4)}andSis
the relation from {1,2,3,4} t0{0,1,2}withS={(1,0),(2,0),(3,1), (3, 2),
(4,1)}?

Solution: S 0 R is constructed using all ordered pairs in R and ordered pairs in S,
where the second element of the ordered pair in R agrees with the first element of the
ordered pair in S. where

SoR={(1,0),(1,1),(2,1),(2,2),(3,0),(3,1)}.

» Equivalence Relations
A relation on a set A is called an equivalence relation if it is reflexive, symmetric,
and transitive.

Ex: Let A={1, 2, 3,4} and R={(1,1), (2, 2), (3,3),(4,4),(2,4),(4,2)}
Solution:

R is reflexive, R is symmetric, R is transitive

. Ris equivalent relation.
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» Computer Representation of Relations

1. Representing Relations Using Matrices
A relation can be represented using a zero-one matrix

if (ai, b)) inR
M(i, Dz{
if (ai, bj) notin R

Ex// Supposethat A={1,2,3}andB={1,2}.LetR be the relation from A to B
containing (a,b) ifae A, b € B,anda>b. What is the matrix representing R if
al=1,a2=2,anda3=3,andbl=1and b2=27?

Solution: Because R={(2,1),(3,1), (3, 2)}, the matrix for R is:

0 O
MR = [ 1 0 }
1 1
The 1’s in MR show that the pairs (2, 1), (3, 1), and (3, 2) belong to R . The 0’s

show that no other pairs belong to R

Ex// LetA={al,a2,a3}and B ={bl,b2,b3, b4, b5} .Which ordered pairs are
in the relation R represented by the matrix

MR=/10110

01000
10101]

Solution:

Because R consists of those ordered pairs (ai , bj ) withmij=1,

it follows that

R={(al,b2), (@2, bl), (a2, b3), (a2, b4), (a3, bl), (a3, b3), (a3, b5)}.
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2. Representing Relations Using graphs

Each element of the set is represented by a point and each ordered pair is
represented by arc with its direction.

Ex: Let A={a, b, c, d},
R={(a, b), (a, d), (b, b),(b, d), (c, a),(c, b), (d, b)}, Which ordered pairs are in the

relation R represented by the direct graph?

Solution:

EX: Let A={1, 2, 3, 4},
R={ (1,1),(1,3),(2,1),(2,3),(2,4),(3,1),3,2),(4,1)} Which ordered
pairs are in the relation R represented by the direct graph?

Solution:
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CHAPTER SIX

e Functions

e Domain and codomain of the function
e Range of the function

e Graph of function

e Functions types

> Functions

DEF// Let A and B be nonempty sets. A function f from A to B is an assignment of
exactly one element of B to each element of A . We write f(a) = b if b is the unique
element of B assigned by the function f to the element a of A . If f is a function from
Ato B, we write f: A — B.

VaeA,IbeB:(ab) ef

IS}

» Domain and Codomain of the function

Let f: A— B is function

A is called the Domain of f denoted by dom f
dom f=A

B is called the codomain of f denoted by cod f
Cod f=B

» Range of the function

Let f:A— B is function

The range of f is the set of all images of elements of Aisin B
Range f={ b: beB, V acA— b=f(a)}

Range fc B

Page 68



COMP [104] DISCRETE STRUCTURE

» Graph of function
Let f be a function from A to B, the graph of f is the set of ordered pairs (a,b) such
that {(a,b) | acA and b=f(a)}

EX1/ letf:R2> R
Y=f(x)=x?
Find Dom, Cod, Rang, Graph(f) ?

Solution:

Domf=R

Codf=R

Rang f=x*= {1,4,9,....}

Graph(f) = {(1,1),(2,4),...,(-1,1),(-2,4),...}

EX2// let f: Z+> Z+
f(x)=10x+1
Find Dom, Cod , Rang, Graph(f) ?

Solution:

Dom f =27+

Codf=2+

Rang f={1,11,21,...}

Graph(f) ={(x, 10x+1)}= {(0,1),(1,11),(2,21),...}

» Functions types
1. injection function (one-to-one)
A function f is said to be one-to-one, or injective, if and only if f(a) = f(b) implies
that a = b for all a and b in the domain of f. A function is said to be an injection if it
IS one-to-one.

EX1// Let A={ab,c}, B={1,2,3,4}, F={(a,1),(b,2),(c,3)}
Is f an injective function?

Solution:

.. fisinjective
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EX2// Let f:ROR, VxeR f(x)=x Is f an injective function?
Solution:

2e R f(2)=4

-2e R f(-2)=4

.. Tis not injective functions

2- Surjective function(onto)

A function f from A to B is called onto, or surjective, if and only if for every element
b €B, there is an element ac A with f(a) = b. A function f is called a surjection if it is
onto.

# A function f is onto if Vy3 x (f(x) = y), where the domain for x is the domain of the
function and the domain for y is the codomain of the function.

EX//
A={a,b,c,d}, B={1,2,3}
F={(a,1),(b,1),(c,2),(d,2)}

Solution:
Rang f ={1,2}+ B
-.f not onto

3- Bijection function
The function f is said to be bijection , if it is both injection (one-to-one) and surjection
(onto).

Ex//
f. A> B, A={ab,c,d}, B={1,2,3,4}
F(@)=4, F(b)=2, F(c)=1, F(d)=3

Solution:
T bijection, because is injection (one-to-one) and surjection (onto).
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4- Inverse function
Let f be one-to-one and onto from A->B , the inverse function (f*) of f such that
f(a)=b > f*(b)=a

EX/I Let f be the function from {a, b, c} to { |, 2, 3} such that f(a) = 2, f(b) = 3, and
f(c) = 1. Is finvertible, and if it is, what is its inverse?

Solution:

The function f is invertible because it is a one-to-one and onto correspondence.
The inverse function f* reverses the correspondence given by f, so
f1(1)=c,f'(2)=a and f* (3) =b.

*Types of function Using graphs

Let f be the function from {a, b, c}to {I, 2, 3,4}

(a) One-to-one, (b) Onto, (c) One-to-one, (d) Neither one-to-one  (e) Nota function
not onto not one-10-one and onto nor onto
el ae ae el ae ol ol
ae ol >< ae
o2 bhe >< be o2 be 0l 02
be Y, / be
*3 co >< ce o3 «ceo (X 0]
co o3 / ce
o4 de de 04 de o4 o4
H.W//
Let f be the function :R>R and f(x)=x>
Find

Is f injection?
Is f surjection?
Is f bijection?
Is f inverse?
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CHAPTER SEVEN

Trees

Trees as Models

Types of trees

Properties of Trees

Universal Address Systems

Tree Traversal

Traversal Algorithms

Infix, Prefix, and Postfix Notation

Y VV Y YV VYV

e Tree

Definition// A tree is a connected undirected graph with no simple circuits.
EX// Which of the graphs shown in following Figure are trees?

Solution:
G1 and G2 are trees, because both are connected graphs with no simple circuits. G3 is

not a tree because e, b, a, d, e is a simple circuit in this graph. Finally, G4 is not a tree
because it is not connected.

a . b a ' b a b a b
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Definition// A rooted tree is a tree in which one vertex has been designated as the
root and every edge is directed away from the root.

= Parent of b=a
= Children of g=h,i,j
= Siblings of h =i

= All ancestors of e =c,b,a
= All descendants of b=rc,d,e
= internal vertices= a,b,c,g,h,j

= all leaves=d,e,fk,i,Im

e Types of trees

1. m -ary tree
Definition// A rooted tree is called an m -ary tree if every internal vertex has no more
than m children.

2. full m —ary tree
Definition// The tree is called a full m -ary tree if every internal vertex has exactly m
children.

3. binary tree
Definition// An m —ary tree with m = 2 is called a binary tree.
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EX//Are the rooted trees in following Figure full m -ary trees for some positive integer

m ?

Solution:

Tl i s a full binary tree because each of its internal vertices has two children. T2 is a
full 3-ary tree because each of its internal vertices has three children. In T3 each
internal vertex has five children, so T3 is a full 5-ary tree. T4 is not a full m -ary tree
for any m because some of its internal vertices have two children and others have
three children.

e Trees as Models
Trees are used as models in such diverse areas as computer science, chemistry,
geology, botany, and psychology. We will describe a computer models based on trees.

Computer File Systems Files in computer memory can be organized into directories.
A directory can contain both files and subdirectories.

The root directory contains the entire file system. Thus, a file system may be
represented by a rooted tree, where the root represents the root directory, internal
vertices represent subdirectories, and leaves represent ordinary files or empty
directories.
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e Properties of Trees

We will often need results relating the numbers of edges and vertices of various types
in trees.
1- A tree with n vertices has n - 1 edges.
2- The level of vertex in rooted tree is the length of the unique path from root to
the vertex, where the root level is zero.
3- The height of rooted tree is the maximum of the level of vertices.

EX// Find the level of each vertex in the rooted tree shown in following Figure. What
IS the height of this tree?

Solution:

The root a is at level 0.

Vertices b, j, and k are at level 1 .

Vertices ¢, e, f, and | are at level 2.

Vertices d, g, i, m, and n are at level 3.

Finally, vertex h is at level 4. Because the largest level of any vertex is 4, this tree has
height 4.

Definition// A rooted m -ary tree of height h is balanced if all leaves are at levels h or
h-1.
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EX// Which of the rooted trees shown in flows Figure are balanced?

Solution:

Tl is balanced, because all its leaves are at levels 3 and 4.

However, T2 is not balanced, because it has leaves at levels 2, 3, and 4.
Finally, T3 is balanced, because all its leaves are at level 3 .

e Tree Traversal
Ordered rooted trees are often used to store information. We need procedures for
visiting each vertex of an ordered rooted tree to access data. We will describe several
important algorithms for visiting all the vertices of an ordered rooted tree. Ordered
rooted trees can also be used to represent various types of expression.
The different listings of the vertices of ordered rooted trees used to represent
expressions are useful in the evaluation of these expressions.

e Universal Address Systems
Procedures for traversing all vertices of an ordered rooted tree rely on the orderings of
children. In ordered rooted trees, the children of an internal vertex are shown from left
to right in the drawings representing these directed graphs.

To produce this ordering, we must first label all the vertices. We do this recursively:

1 . Label the root with the integer 0. Then label its k children (at level 1) from left to
rightwith1,2,3,..., k.
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2. For each vertex v at level n with label A, label its kv children, as they are drawn
from left to right, with A. 1, A .2,..., A kv.

EX/I We display the labelings of the universal address system next to the vertices in
the ordered rooted tree shown in following Figure . what the lexicographic ordering
of the labelings is?

Sl 5.1

3.1 312 5.1.1

3121 / 3.1.23 |
3.1.2.2 3.1.24

Solution:

The lexicographic ordering of the labelings is?
0<1<1.1<1.2<1.3<2<3<3.1<3.1.1<3.1.2<3.1.2.1<3.1.22
<3.1.2.3<3.1.24<3.1.3<3.2<4<4.1<5<5.1<5.1.1<5.2<5.3

Traversal Algorithms

Procedures for systematically visiting every vertex of an ordered rooted tree are called
traversal algorithms. We will describe three of the most commonly used such
algorithms, preorder traversal, inorder traversal, and postorder traversal. Each of these
algorithms can be defined recursively. We first define preorder traversal.

Definition// Let T be an ordered rooted tree with root r . If T consists only of r, then r

Is the preorder traversal of T . Otherwise, suppose that TJ, Tz, ..., Tn are the
subtrees at r from left to right in T . The preorder traversal begins by visiting r . It
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continues by traversing TJ in preorder, then Tz in preorder, and so on, until Tn is
traversed in preorder.

Step I: Visit r

Preorder traversal

Step 2: Step 3: Stepn+ I:
Visit T Visit T, Visit T,
inpreorder  in preorder in preorder

EX// In which order does a preorder traversal visit the vertices in the ordered rooted
tree T shown in following Figure ?

Solution: The steps of the preorder traversal of the ordered rooted tree T are shown as:
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Preorder traversal: Visit root,
visit subtrees left to right

a
@
a i
e @
b e k f c d g ! m h i
® e o e o e

e

[ ]

[ ]

0~
E ®

&

mogm w g o p f ¢ d g I m h i
® © e @ o o o o ° ° ° ° ° o > o

.. preorder traversal of Tisa, b,e,j,k,n,o,p,f,c,d, g, I, m,h,i.
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Definition// Let T be an ordered rooted tree with root r. If T consists only of r, then r
is the inorder traversal of T . Otherwise, suppose that T1 , T2, ..., Tn are the
subtrees at r from left to right. The inorder traversal begins by traversing T1 in
inorder, then visiting r . It continues by traversing T2 in inorder, then T3 in inorder, . .
., and finally Tn in inorder

r

Step 2: Visit r

Inorder traversal

Step I: Step 3: Stepn +1:
Visit T, in Visit T, in VisitT,in
inorder inorder inorder

EX// In which order does an inorder traversal visit the vertices of the ordered rooted
tree T in Figure ?

Solution: The steps of the inorder traversal of the ordered rooted tree T are shown as:
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Inorder traversal: Visit leftmost
subtree, visit root, visit other
subtrees left to right

f  a c g d h i
e e .Ao e ®
! m
J I3 k b Y i a c l 2 m d h i
@ m ® e e e e e o o ®
n o p

J e n k o P b ¥ 3 a c I g m d h i
® e e e e e e e o o o o o o o Y

..the inorder listing of the ordered rooted tree is j, e, n, k, 0, p, b, f,a,c,1,g, m d, h, i
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Definition// Let T be an ordered rooted tree with root r . If T consists only of r, then r

Is the postorder traversal of T . Otherwise, suppose that T1 , T2, ..., Tn are the
subtrees at r from left to right. The postorder traversal begins by traversing T1 in
postorder, then T2 in postorder, . . ., then Tn in postorder, and ends by visiting r .

' Stepn+I: Visit r

Postorder traversal

Step 1 Step 2 Step n:
Visit T Visit T, Visit T,
in postorder  in postorder n postorder

EX// In which order does an postorder traversal visit the vertices of the ordered rooted
tree T in Figure ?

Solution: The steps of the postorder traversal of the ordered rooted tree T are shown
as:
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Postorder traversal: Visit
subtrees left to right; visit root

[ BN

J k e f b ¢ 1 m g h i d a
L ] A‘ L J -3 L J L= L J @ L J @ @ @
n o p
J n o p k e f b c ! m g h i d a
® ©® © e ©®© e © °® °© °o © ©°© © o o o

.. the postorder traversal of Tisj,n,o,p, k, e, f,b,c,I,m,g,h,i,d,a
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¢ Infix, Prefix, and Postfix Notation

We can represent complicated expressions, such as compound propositions,
combinations of sets, and arithmetic expressions using ordered rooted trees. For
instance, consider the representation of an arithmetic expression involving the
operators + (addition), - (subtraction), * (multiplication), / (division), and/\(
exponentiation). We will use parentheses to indicate the order of the operations. An
ordered rooted tree can be used to represent such expressions, where the internal
vertices represent operations, and the leaves represent the variables or numbers.

Each operation operates on its left and right subtrees (in that order).

EX// What is the ordered rooted tree that represents the expression
(X +y)12) + ((x - 4)I3)

Solution: These steps are shown in following Figure:
+

EX// What is the prefix form for ((x +y) * 2) + ((x - 4) /3)?

Solution:

We obtain the prefix form for this expression by traversing the binary tree that
represents it, shown in following Figure . This produces + *+xy 2/-x43.

VAN
/N /N
VANAY
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EX// What is the value of the prefix expression + - * 235/ "2 3 4?
Solution: The steps used to evaluate this expression by working right to left, and
performing operations using the operands on the right, are shown in following Figure .

The value of this expression is 3 .

+ - * 2 3 5 /] 1t 2 3 4
R )|
2T3=8

+ - * 2 3 5 [/ 8 4
[ |
8/4=2
+ - * 2 3 5 2
, PO |
2 3=6
+ - 6 5 2
| S |
6-5=1
+ 1 2
— )
1+2=3

Valuc ol expression 3

EX//What is the postfix form of the expression ((x +y) * 2) + ((x - 4) /3)?

Solution:
The postfix form of the expression is obtained by carrying out a postorder traversal of

the binary tree for this expression, shown in following Figure .
_|_
T /
+/ \2 —/ \3
)‘/ \\' )«/ \4

This produces the postfix expression: xy+2°x4-3/+.
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EX// What is the value of the postfix expression 723 *-4793/+?

Solution:

The steps used to evaluate this expression by starting at the left and carrying out
operations when two operands are followed by an operator are shown in Figure .

The value of this expression is 4.

7 2 3 & = 4 T 9 3 [/  +
L ]

2+3=6

7 6 — 4 T 9 3 J +
L J

7-6=1

1+3=4
Vialue of expression® 4

EX// Find the ordered rooted tree representing the compound proposition
(7 (pAQ)) <> (pVv1Qq). Then use this rooted tree to find the prefix, postfix, and
infix forms of this expression.

Solution:
The rooted tree for this compound proposition is constructed from the bottom up.

First, subtrees for 1p and 7q are formed (where 7 is considered a unary operator).

Also, a subtree for p A q is formed. Then subtrees for 1(p A q) and (p) v (1q) are
constructed. Finally, these two subtrees are used to form the final rooted tree. The
steps of this procedure are shown in following Figure

N
/N

£\

/N ]

pP q P q
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The prefix, postfix, and infix forms of this expression are found by traversing this
rooted tree in preorder, postorder, and inorder (including parentheses), respectively.

These traversals of preorder give <>7Apgvi paq,
These traversals of postorder give pg A+ p1g17 Vv <>, and
These traversals of inorder give (1 (p A Q)) <> ((1p) v (19)).

H.W//

1- Represent the expression (x+x*y)+(x/y) using an ordered rooted tree
2- Represent the expression (AnB)-(Au(B-A) using an ordered rooted tree

3- What is the value of each of the prefix expression
a) -*2/843
by N -*33*425
c) +-"32"23/6-42
d *+3+373+333

4- What is the value of these postfix expression
a) 521--314++*
b) 93/5+72-*
c) 32*27~53-84/*-

5- Draw the ordered rooted tree to each expression written in prefix notation ,
then write each one using infix notation
a) +* +-53214
by ~+23-51
C) */93+*24-76
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CHAPTER EIGHT

» Graph

» The types of graphs

» Some Special Simple Graphs

» Representing Graphs

» Isomorphism and Isomorphic of graphs

e Graph
Graphs are discrete structures consisting of non-empty set of nodes (Vertices) and a set E
of edges that connect pairs of nodes.

e The types of graphs
Different types of graphs have different definitions depending on what kind of edges that
used.

1. Endpoints graph

A graph G = (V, E) consists of V, a nonempty set of vertices (or nodes) and E, a set
of edges. Each edge has either one or two vertices associated with it, called its
endpoints.

2. infinite and finite graph

A graph with an infinite vertex set is called an infinite graph, and in comparison, a
graph with a finite vertex set is called a finite graph.

3. simple graph

A graph in which each edge connects two different vertices and where no two edges
connect the same pair of vertices is called a simple graph.

4. multigraphs

Graphs that may have multiple edges connecting the same vertices are called
multigraphs.
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5. pseudographs

Graphs that may include loops (edges that connect a vertex to itself), and possibly
multiple edges connecting the same pair of vertices, are sometimes called
pseudographs.

6. directed graph

A directed graph (or digraph) ( V , E) consists of a nonempty set of vertices V and a
set of directed edges E. Each directed edge is associated with an ordered pair of
vertices. The directed edge associated with the ordered pair (u, v) is said to start at u
and end at v.

7. simple directed graph

When a directed graph has no loops and has no multiple directed edges, it is called a
simple directed graph

8. directed multigraphs

Directed graphs that may have multiple directed edges from a vertex to a second
(possibly the same) vertex, then we called directed multigraphs.

9. mixed graph

a graph where some edges are undirected, while others are directed. A graph with both
directed and undirected edges is called a mixed graph.

This terminology for the various types of graphs is summarized in Table 1

TABLE 1 Graph Terminology.
Type Edges Multiple Edges Allowed? Loops Allowed?

Simple graph Undirected No No
Multigraph Undirected Yes No
Pseudograph Undirected Yes Yes
Simple directed graph Directed No No
Directed multigraph Directed Yes Yes
Mixed graph Directed and undirected Yes Yes
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e Some Special Simple Graphs

1. Complete graphs: The simple graph that contains exactly one edge between each
pair of distinct vertices

2. Cycles graphs: consists of n vertices v1.....vn and edges (v1,v2), (v2, v3)...(Vy.1, VN)

/\ -,

3. wheel graphs: We obtain the wheel when we add an additional vertex to cycle and
connect it with each vertex.

A X

4. n- Cubes graphs : It is the graph that has vertices representing the 2" bit string.

Qy > s
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5. Bipartite

A simple graph G is called bipartite if its vertex set V can be partitioned in to 2 disjoint
sets v1 and v2 such that every edge in the graph connect a vertex in v1 and a vertex in v2

Complete Bipartite Graph:

P2 7N P A

K23 K26

6. Subgraph
A subgraph of a graph G=(V,E) is a graph, H=(W,F) , where WcV and FcE

Ni B

e Local Area networks (LAN) :

oK ©
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Various computer network can be connected using LAN .

1- LAN based on star topology as A each node connected to central device .
2- LAN based on a ring topology, as B ,each device connected exactly two others.
3.LAN use hybrid of A & B .message may be sent around the ring or through a

central device as C (wheels) .

(a) (b) ()

e Parallel processing:

We can use appropriate type of graph to represent the interconnection network of
processors in computer.
the parallel algorithms break a problem into a number of sub problems that can be
solved concurrently , them can be solved by using computer with multiple processors .
the simplest way to interconnect 4 processors to use an arrangement known as a linear
array each processor connected to its neighbor except p(i-1), p(i+1).

The mesh network is used interconnection network.

The inside processors have 4 neighbours
The processors in corners have 2 neighbours
Other processors between corners have 3 neighbours

PO,0) PO, 1) PO,2) PO, 3)

P(1,O) |P(L 1) |POL2) XL 3)

P(2,0) |P(2, 1) |P(2,2) |P(2,3)

P p, P P P K P30 |P3. 1) |PG3.2) |P3.3)
0 —0—0—0—9 € )

Linear array for 4 processors Mesh network for 16 processors
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e Representing Graphs :-

One way represent graphs without multiple edges is to list all the edges of the
graph. Another way to represent a graph with no multiple edges is to use adjacency to
each lists, which specify the vertices that are adjacent to each vertex of the graph.

1- adjacency list
2 An adjacency list for simple graph

c,e

oo oW
Oy 9o
o045

An adjacency list for directed graph :-

OO O T

2- Al Adjacency Matrix

To simplify computation, graphs can be represent using matrices, 2 types of
matrices used to represent graphs: one based on the adjacency of vertices, and the
other is based on incidence of vertices and edges.
Suppose that G=(V,E) is simple graph, suppose the vertices of G are listed as v;.....v,
the adjacency matrix A is the nxn zero-one.

1 if(vj,v)isanedgeof G
aiJ:

0  otherwise
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The matrix represent the graph we order the vertices as a,b,c,d.

a b
a b c d
0 1 1 1
1 0 1 0
1 1 0 0
1 0 0 0
c d

EX// Draw a graph with the adjacency matrix.

a b
Adjacency Matrix
0O 1 1 O
1 0 0 1
d ¢ 1 0 0 1
0O 1 1 O

EX// Use an adjacency matrix to represent the graph :-

- o Adjacency Matrix
0 3 0 2
3 0 1 1
0 1 0 2
2 1 2 0
d c

2-B/ Incidence Matrices

Another way to represent graphs is to use incidence matrices.
Let G=(V,E) be undirected graph (v, ,...., v,) are vertices, (e ,....., ey) are edges.
The incidence matrix [my] :-

1 when edge ¢; is incidence with v;
miJ:
0 otherwise
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EX1// Represent the graph with an incidence matrix :-

Vi V2 €6 V3
€3 e1 ) €3 €4 €s €6
€| €s Vi 1 1 0 0 0 0
e> V2 0 0 1 1 0 1
V3 0 0 0 0 1 1
V4 VS
V4 1 0 1 0 0 0
Vs 0 1 0 1 1 0
EX 2// Represent the pseudograph using incidence matrix :-
e (S3) €3 €4 €s €6 (S €sg
V1 1 1 1 0 0 0 0 0
Vo 0 1 1 1 0 1 1 0
V3 0 0 0 1 1 0 0 0
Vy 0 0 0 0 0 0 1 1
Vs 0 0 0 0 1 1 0 0

e Isomorphism of graphs

The simple graphs G;=(V,E;) and G,=(V,,E,) are isomorphism if there is a
one-to-one and onto function f from V; to V, with the property that a and b are
adjacent in G, if and only if f(a) and f(b) are adjacent in G,.

Isomorphism of a simple graph is an equivalence relation.
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Division// let G=(V,E) and G'=(V", E’) be graphs, G and G are said to be isomorphic
if there exit pair of function :
f:V—> V and g:E —E suchthat

*f associates each element in V with exactly one element in V" and vice versa.
*g associates each element in E with exactly one element in E™ and vice versa.
To prove 2 graphs are isomorphic :

1) same number of vertices

2) same number of edges

3) same number of loops

4) same number of vertices of degree

5) same degree for corresponding vertices

EX// Consider the following graphs are they isomorphism (same) ?

1))

Hl u2 V] - vz
Uy G 2 ¥] Vg o Va
2))
[
O [
G H
3))
G H
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4))
b b
a o a C
€ d e d
G H
Solution:
1) G, H have

number of vertices= 4

number of edges= 4

number of loops=0

number of vertices of degree= 4 vertices of degree 2
. degree for corresponding vertices

f(Ul) =V1, f(U2) =V4, f(U3) = V3, and f(U4) = V2 is a one-to-one
correspondence between V and W.

Ok wnNE

To see that this correspondence preserves adjacency, note that adjacent vertices
inGareUland U2 ,U land U 3, U2 and U4, and U3 and U4, and each of
the pairs f(U1) = V1 and f(U2) = V4, f(U1) =V Il and f(U3) = V3, f(U2) = V4
and f(U4) = V2 ,and f(U3) = V3 and f(U4) = V2 are adjacent in H .

.. So we conclude that graphs G,H are they isomorphism

2)) G, Hhave
1. number of vertices= 4
2. number of edges=4 and 5
3. number of loops= 1

.. S0 we conclude that graphs G,H are NOT isomorphism
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3)) G, Hhave

ok wn e

G=(V,E)

number of vertices=5

number of edges=5

number of loops=0

number of vertices of degree= 5 vertices of degree 2

degree for corresponding vertices

V={V1, V2, V3, V,, Vs}
E:{(VLVZ) ) (VZ’VS) 5 oo a(V41V5)}
={e;, e, €3, €, 65}

G=(V,

E)

V'={V'i,V,, V3, V4, Vis}
E={(V'V2), (V2aVs), ... ,(vVaV's)}
={e’1,e,,e5,€e4,e5}
Construct 2 functions
f:V—— \/

g:E— FE

f:V——> V g:E — E
V— Vv E— FE
Vi— V, E,.—— E}
V,—/— V, E,—— E
Vi— V3; E;— E;
Vi—— V, E,—/— E.,
Vi—— V5 Es— E5

.. So we conclude that graphs G,H are they isomorphism

4)) G, Hhave

1.

B wn

number of vertices=5

number of edges= 6

number of loops=0

number vertices of degree in G=3 vertices of degree 2, 2 vertices of degree 2
number of vertices of degree in H= 2 vertices of degree 2,2 vertices of
degree, 1 vertices of degree 1, where H has a vertex of degree one, namely, e
, Whereas G has no vertices of degree one.

It follows that G and H are not isomorphic
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EX// Determine whether the followings graphs are isomorphic.

s t
9
w
X
2 y
®
1% u
G H
Solution:
G, H have

1. number of vertices= 8

2. number of edges= 10

3. number of loops=0

4. number of vertices of degree= 4 vertices of degree 2 and 4 vertices of degree 3
5

. degree for corresponding vertices

G and H are not isomorphic. To see this, note that because deg(a) = 2 in G, a must
correspond to either t, u, x, or y in H, because these are the vertices of degree two in
H . However, each of these four vertices in H is adjacent to another vertex of degree
two in H, which is not true for a in G.

.. So we conclude that graphs G,H are NOT isomorphism

EX2// Determine whether the followings graphs are isomorphic.

iy Uy Vi V3

Us

Ug Ve

H4 H3 V5 V4
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Solution:
G, H have

1. number of vertices= 6

2
3
4.
3)

. number of edges=7

. number of loops=0

number of vertices of degree= 4 vertices of degree 2 and 4 vertices of degree 3

f(uy) = vgor v,
f(Uz) =V30IVs

f(U3) =Vy
f(U4) =Vg50IVs
f(us) = vy
f(us) = V2

SO f(u 1) = Vg

f(uz) = vs
f(us) = V4
f(Us) = vs
f(us) = vy
f(us) = v2
u, U s
178 F 0 1 0
> | 0 1
A s ¥53 0 1 0
“ g 1 0 1
us 0 0 0
ug | 0O 1 0
Vg U3 Vg
Ve F 0 1 0
v3 1 (0) 1
A — Vg 0 1 0
T o2 e 1
(251 0 0 0
vy L (0] 1 (0]

Us

-~ 0O=0Q0Q0C0

~OmO00O0S

. degree for corresponding vertices

MUe

2

=00

<
N

O= QO =0

Because Ag = Ay, it follows that preserves edges, we conclude that f is isomorphism
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