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5 Adlide dyie ) Ol i elalell e 3o Cilaabie Jiady | ) shaig Wi ale o gla) Clllasll &gy
aa) Y] shas F b5 40 1917 ple ALK Erlang (oS sl maigall Lgass il 2l )l i
Game bl &y lai aelua A glaa J) E.Borel 12 1921 ale (A 5 Sllaall & gay il
Eigad op Jgl Lty & JSE i) agallall Coall (3 5 Glag (8 O smisn aiel theory
I o5 ALY el all aea 5 Eiaal) el I aladin) 8 4n sl o la¥) saclue Cangs Cilileall
)l a4 el Gl aladind dul ) M.S.Blackett sy sl dxglall alle 2l 5 de sane
b i S HaY) 4y Sl Gldalid) Agillay pll Gllaall Sigay (31 &0 G 3a My ALY
Clazall Jiiy daleial) COSEAN dallee Lgin (a5 330 alga 4l CilS 6l Jilae 3058 00 sS3 8 5 AY)
Caald 4l el o) LS cldasaall g jlaadl 8 WG g ) ) Addae daddadd g ag jall HIAAN g 34l
JiaY) alaiin¥) c¥lae 8 clay alall Ll dled)l Goall o) cilleal) a3 8 CpsS
in Ll ) Al Aalladl Cojall Connm g ) Lag A sl Cillaall dadd 8 Lginds 53 Aaliall 3 ) sall
Curn g Lgaallas) Daawt g aginall Gl gal) Jalug) A LGSV Glleal) & gand dpalal) calla) Sl

coaad) 13g) AL Ailaia¥) pe culls) i aaY = 55 S 138 3 5l (o gus g Lgilipdas

Slleal) &gay bl (gudat &l ghad 21

: Formulation the problem 4éa) dsluay +—aai 1

S aoad Al a8 ASE 3AN) Gadmily dls el o3 8 clileall Ciay Gai s
O e dlld U8 5 Lo o plasall (S Y Ol i s Lgle e Ol i I Lgdiiat s <l il
Slo Jsasll Cargdl (5S 8 JUall Jaows e apelin oliie 8 Caagll (e ain e Gl (S
e s ate Hiled elld gl s eldial m ) e Jsanll Caagdl (5S35 (sole ) )
A 1aa3 2 alaall 638 iy A sall Cangll § sl 8 4Ball i3 il unial) aaa Cangll Ll
O) aaliall Jilad) (g alialdall als ja (A ) jEl da8e (B sl (e aaT Al g 4 5iEl 5 apalall 3 gadl)
o_fins GV (535 AISEA 33a% 8 Ul o) 5 4Badll ol hadll <0 Luld ysia A1CEN 38400 sl

A8Y Jolall el (8 Il 5 Ll a5 Y JSUE sl () J el 5 2 ¢!

: Constructing the model 4Séall &l zigal sy 2
Jalaill 5 o gal) Jeastl mly y S Al _jall 28 WUl ) IS8 apint il pladll 38 b o
A ally 4alal) i)yl paiall agaal 31 5 <l yiiall Jay i ) cilElall dlayl s oaaly
ta O5Sh g oUail) 8 st (g () 90 alidat g SN AUaal) Al )3 (e (S 3 sl ) ) 4dlal



Gl el o4 4l &l puaidl - Decision variables 4l G3labaall g asala¥) &l puaial) -
CYana ed 4l cOlabaall Ll ¢ ol g3 sl Ja ddand g Lead oyl 2y L 4l seaal
agllaial gl sadaa (0 5S5 38 4gidl) D lalaall g Leale jlatia g4 glaa &l patia Jidd o g aladinY)
ZLEY a3 0 5 oan) sl ana sl 4GS SIS 5 4 O lalaa yint DI 5 Y] Y e
(bl Zdgaill 848 OOllaa 5 AY) & Jiad B eas) goas g

.GSJA.H = o8 glall 3 ) gall alasinal 3 g8 o) 3 gas (Jiad ‘;_“d\ . Constraints 2 sall -

elil (plida a5 cangll Al )l Anall Jic a5 Objective Function <axed) s -z
2l

:Deriving a solution from the model zisaill ¢y Jad) 3laid)
u.us,))buﬂm }LQJEA:.'Q?J\CJ}‘A‘JA@JLUQMCM\M\CMBJM\“AAg_n,ﬁ

s laa 23 gaill Jal
Aaad ) 4y ylall
ddia Il 43y Hlall -

:Testing the model and the solution Jstall s z3seill JLsd) |

BRS¢ Lot S Aty BIRRR el 000G e o YR o N ) SR 5 o IO
D Elsall (2 o el S22l T ey CaS gl (RN s 43 JER ) iy i
Juasill o3 (53l eha¥) 5 allaill Il el 4 jlia 8 daball il alaind s gAY 46 ykal)
O L) Qomsil 3 Ll Jslall o i Sl (ga (51 Al 4 8l il 13 g padl) Alasiiuly
Gkl g Alaia Wl 6 jan Jlall @lli (la Juadl (5 sivne N eVl (8 55 0 oSy 23 salll DA

: Establishing control over solution Jadl e 48 41 |

o glall 488 73 saill aSay () ang Lilee 4B)Lall o ghadll 8o s o3 oAl dall 055 o ol e
zsalll Lo iy ) cilal Y1 ol 3 sl all quza g Uil o) A 8 cldDlall 5 <l il
AL~ gaill ladua Al Slal yi8Y1 5 Cagphall o) oy prall e STg Dlad 4l S5 o) g
Ml 5 <l puiiall A 4] yay cll g ilall 138 sled o (g 5 puall (e IS 1A adaad (o) & jpall
de 3 gaill A asuliall Gl juad o) jal g z3salll 4clia die HlieY) Hlaty @A) Sl okl
i)y o sla¥) ) sam s JSEIL 5 ) ) CogLlall o) clidlall & s s Cagas
LS IS 281 5l AL (g 23 gl

:Implementation il |
wﬁm\jcd}cﬂ\ uA‘\:J\ d*d)—'j‘e:'gsﬂ‘ Jall wm&hﬁ&\ 2 A o Ay o}kﬂ\ JM::..AA}
Yiie dusd yall pn g AR b ILESRY) 5 Cag a5 )y i puaial) 4SSl YU 330 4l
G 32 JB e Leinhad Gl ) dgles e a) daa (8 dall des i o Lead 5 4l sall 038 1
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Slilaal) Gigag gaibad 3-1

toa ga 4l @LL.L Lﬁi &) ) System orientation JSLEll Lt o = Aaill Jase ladlade ) -1
(OAY! AladiV) e oy il g i 4wl Al

.Use of interdisciplinary teams <babaia¥) saxiall G 5all Waslaie| -2

Fgalall 4dy ,hal) slaic! -3

Models 4l I zalall alasin) 4

oy i) Joadil diai Jy pemlall gl 8 o alal) sl ind Y cilleal) Gigay 1 gl -5
. L\M | GA DJALH\

.Improve the quality of decisions <) jall ae iy ¢l A& 2cluii i) -6
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Jaill 3 5a3 -2
pasadill 73 5ai -3
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ASaaliall 4oyl -5
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Linear Programming 4aidi daw )

dadiall 1-2

, g aal) galaBY) Leadd Sl Cila 3all g AR 4l yh Gaadat ) dsa ) 5 S8 4l s i
43Ul Azallal) eu%‘ sleil day ) 13 aladiul gL 5 3851920 ale & WW lenotief
aalle A Sl Ll ) Lgul « George. B. Datzing =t Al 228 1947 Jl< 5
Shand) 38l Cosla¥) 138 e (tal 38 5 4rlaal) dsa il alasiuly 4ilide cilaa b ediee OIS
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O Adialii Loy Y] Jia 3 skl o LS Lalatiind W selsl il ool il L) g puil
CY) Aaaiuly easie plgl 5 alsad) e 4lls LS ZUEL A g8 G5 4adinl) o ldall 4l
) OsSU e A SIS 1Al AAs) aglee adad ) sal el JS el Bl g ) i1 A4 lia
O 285 4eadiial) culla) aal aa) aphadll 4 aa syl Ggla) Jlayg 4 edia anialy ;)
Al A daga Jagnsi o3 oS i A adll s i) 3l da g s IV Calall aladiny

REONRENW Fpvi i i IR NG Y KY SN RES D

Aubadl) daa ) 2 9¢da 2-2

2 Ahdll daa pll Gy il 43y yh Jadl o) « Robert. J. Thierauf S 4padll asa jll 48 pa5 2ic
&) e o Eua Gl il e SIS gl (il G ABall Cla gl 223000 4plad ddialld glalS) (el
Al iad ed dnal Al Lol dpuail) (il g HAY) O priall 5t dlpme Ay Laalaal s
W] | oH ) LS o S g DR S e PR ol I
i oy adme Jog pd 2 sa o Clidliie o) O¥alas 4o gaase G dialaall ary ) Ly eS8

Al ) ClElay

CUAL apladll ans il Cay i Al N uia Giuseppe .M. Ferrerodi Roccaferrera Wl
Gl (8 a0A005 4yid alu g W jliie by dpdaddl dse pll 5ok Jle ) Jls 8 cay j2ill alia 4iga
Ly el 158 yad () gualaV) Lal oaall agilanl e aanaii Al Jlall @l e oaaall Jslall o
slale Lol 2 gal) (0 de gana 3 ga gy ALl (e 4o gana gL ) (25 odasall 3 ) sall &) 63 44y Hha
) aadaed Caagll Al L 0 o5 Aals JSLEe Ja llae Ly 4dadll dae jall )68 ey agh cilpaly I
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O JS3 Ua (ad dae ) O 5 8 Lawrence Lapin el 3l sall 5) 3 58l) (0 40 sane 3 5an 515 455
OB 1A Aulua¥) cilalia ) 4gal 9o dal (e o all) 3 ) gall (gabaBB¥) o ) 6l o 3l g Jayladdl]) JISAE)
Giay ) JSEl @y ) ol gal o i€l 3 gill e g shati il adadl) any 8 aalud daa )
oo i iy Taladll s ) 1) Al Asa ) 2 3Uanal a5 0s S (o 4dlle 4 oy 4y slladll CalaaY)
b ghad S5 s ) gl (S 4Ll Allsal) O (g Apkadd) aB3lall o Sl oaly ) bl 35k e L6
gl Snia ) el o) S Y L ALl JSEl 8 Aliles dpnia A8 ) gl Gl gl st
L gl Jidi 4 s e adasd 5 0 )10V Gilaa) s Glala (e Lea lay Loy Al jeday  aly )l

dai8ioa

Linear Programming Hypothesis 4aid) daw ) cilbua 4 3-2

Linearity 4—shaill -1
cargl) alla & apdadl) a8dlall i g allall Leple (g shati Al ) jaaiall o 43l ClESle ellia o) (gl
o Al 4Bal) Lal alladl) i 5 ginoay adasi ya 4l Apsis Corgl) ally (3ind b aeasd Aallad JS )

) gall el aadind Al Sllladl) (g giuia G g 3 )l sall G ol @llia o) S g8 3 gl

Additivity i—iLay) -2
3 gall t}mé}ugu\&_\;a&\:ﬂw\dﬁuw\ AJ\)AMA_MS&}AM u\@ﬂ%)ﬂ\ oda
o) 4o sana gl JSU )l o congdh alla 8 e A a0 jie Adllad S A deddiiil)
alaaly) aalKall 8 CaullSs anas caagd) alla S Al &t Wl aagl) adlay Lgia (o oS ‘“_;J\ adainy
.«JA@\M\AL@&QJSB&J\MY\@&@WQQeJQc

Divisibility 4—jadill 4,44l -3
3l gall 48 323 AnilSal gﬁ@j@)ﬂ&\ all &l g ) G.A\)._\M‘;é‘\.:\.o\)'l\ lind A il o2
,@)Agsgo\@dw\gﬂ@Q\g\w\a\hg\ju&M\

Certainty +—sull g} a—saaill 4
Al 5 23S a5 4d yaa ASllaall widll 5 4gidl) O abaall 5 dpaialy 1) B paan ) apaailly 3 gaaiall
o s o il 4Gl () 5S5 ()) amg JU) s e o)l sall alasin ) cud Jlada) ddia Cle ()
B33 e 0ddaa anly Lgie Huatl) g 1A] sl

Non — negativity 4l -5
Sheall (g a1 ) g ghne (585 () g alliaall i Ja S @il S ) A il o3 it
ALl e 0 g8l e X3 gl da il 038 e g
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duadl) daa ) 7z 3lal! dalad) A lual) 4-2

S Ay debpall Apdadl) dae ) 3la 28
objective function —sagl) dlla

Maximize or Minimize Xo = C X1 + C, X, + ... + C X,

Subject to :
apXp +apXe t...ta (S =,2)b;
AzXp +apXy t ... taun(S,=,2) b,
amxXg+tamyxX, +...+a mnxn(S, =1 Z) bm
X1 X2 geees Xn =0
aij, bi, Cj: O Cus
Alsal) Blasia 2283 ol 65
i=12,...,m j=1,2,...,n

X;. b Al 3as) G gllaall <l pusiall

13 5 non — negative dudbull axe Ja by sae x; < el 8 5LE1 o delpall (e Jaadl
LP  gisidadiy by kil (g5 i da )l

wu.\ﬁML@.\M}H)M\}SJJM\JJ\}A\‘\T}ASM(b|)L_ULS\J\4.ALCEJ};AJJ
QA'AA;\}BA;}JS!WAS&._\}M\}(i)&)sd.o'éqjq;d\JJ\jA\indid(aij)Qié,
A gl )l () Wie g Ban s JS Ganaddll 1 el ) 5, () Aledll ) Ll

Alaiinly 5 Vol e sanall 5L aladiuly U jeaiaal) JSEL dalall dxpall auia s (S
Ll Gl 5 s saiadl)

Max or Min xo = Y7 ; ¢jxj
Subject to :
n L Cxj (S,=,2)bi(i=12,...,m)

X;>0 j=12,...,n
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2l gl daly Lo el oSy
Max or Min xo = CX
Subject to :
AX (s =,2)B
Xj=0
: O G
X o palic e dadaie i : C
nX; s_palic 2 (63 gae 4aia Jidd X
NXmM A8 e(eddsas A
mX; 3o_palic e (g3gec 4nie Jiai B

Canonical Form 4 I8l daall 5-2

Sl die s o) 5 (I S i o3le Ayl el ekl il aainy SV
D sl

Max Xo = Yj=q Cjxj

Subject to :

Yjo1 @ijxj <bj(i=12,...,m)

Xj>0 j=12,...,n
;@M\ahﬁ uaibad
3LAYL e 5SS () ) Dl pprdal) asea -]

() s o Blg 6 e oSS (M) Laaxe Al 058l asen -2
. Maximum g si (e <l dla -3

Josadll ililee alasiindy alall ) 3 3l JSEIL ddadl) A yull dxpa (5] auda s ISYL
Dol WS 5 e IS8 e i 3 5 ( Elementary Trans Formation ) 4 sY)
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Maximize X, = Max ( - Xo)
Xy +aX,>b 2D —ax;—aX,<-b

Jsn3 i (<) GAYDs () Ledand (s slai¥l ¢piieSlaia ¢piiiliia 1 8 sbosall 38 s ga3 o
;A el 8 e g LS (-] ) o Ly 2 lld 5 (<) (=) —

Xy + axXy = b-> aXs+axs<b
X1+ axX,>b > X — Xy < -b
A< ) s L B o O
: Al Jaal
|2y + @z [ <b >
Either a;x; + a;X; <b
Or—( a]_X1+a.2X2)Sb
’(‘)LAJ\:&,\;)A,ULJQ'\}\SJS@BAJM‘»{:&JLS\Q\g\)ﬁ)hﬁ‘ﬂbw\ﬁJM\
5, Al e Lagia JS (58 A 8l Baie Legia JS B LEN () 5S3 (3 patie G (3AIL Jiad
: &tﬂ\ S ‘_g o 54 LS
: S 4 (unrestricted in sign ) 3ade i (X ) << 1)
X1 = ( X’l = X”]_)X’l > 0 5 X”l >0

A Al Fpall g 5 e L

Forms of Linear Programming model 4ubail) daa i) zilad Ja cullad  6-2
—slgie Auhadl) Aaa yal) el Jad Gl (e sl Glllia

The Graphical Method &xtad 45, )kl 1

The Algebraic 4z 4dy k) 2

Simplex Method oaSlsand) 48 4k .3
The Two - Phase Simplex Method ¢! <3 usliand) 483 ) 4

Lagsd ¥ Anausall s Al (i ) o Ui ydh ety i
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The Graphical Method 4 48, )kl : ¥ 1-6-2
A0 6 OSLaA oY ddee e Ll 13 Bale (o puaiall 3 Jiladdl Ja 8 di L) 038 a3a%a
IS ) ol ) 3 gl g s Lgan s s () (ST B3l 3l pariiall (e daall (g () oS35
plasin) L] Al aliall a6 i€ A4 Hhall ods Apan) o iy Jdadll ddee Jen Sl

OSliand) 8yl ala8iul LES a5 Laladind N &8sl 50 JSLEAD) a8 Fukadll daa )
gl el il Ja b

&) gdadll)

. Formulation the mathematical model 4laall Ausly Jll deluall ]

. Convert inequalities to equation <¥aleall ) Sl Jysas 2

Photo every equation on the diagram 4aliell CLalSeY) dakaie paads Lily 258l oy .3
.and determine the feasible region

Jslall dihie IS i die a8y JiaY) dall o)) Cun A geaall 5 gaad) dalaie (S ) Clilaal gl 4
. Extreme pointd s kil Jalés Ai€aall J slal) Adlaia Ol e (Ale 31 clis ) AiSaall

1Ma Caagll Ally 8 (ki) Lalas cldilaal ) Sl Jslall dalaia (S ) Jalis lLilaa] (g g2 5
Jia¥) Jall Jiai s sail) (e AUl Caagl) Alal dad Sl d (MaX ) padast Cagdl OIS
LS Jal) i Gy sal (e dailill Chagll A1l dad 8 s (M ) coagdl Al culs 137 L

DAY 2ol 8l 38

2o LS 5 Ll 3580 )y s
(>) b 5 e S) 2l )5S Ladie
-+ Je
4X;+5X,>20
Sl Al g

el ) digliiall J sad

v
X
[

4X1 + 5X2 =20

Jira = Xp a8 065 X a2l adaldi e

4%, + 5 (0) = 20

o 28l adalss 3ol & Hat A5y Hlall adly (5,0 ) (A Xg sl 2l adalds ddads .
2l o DI (1)IESER, (0 JENIRX, ) o
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() @b e B 2l S Lelie-c

- Jle
4X, + 5%, <20

: LS Aaidall Aidaiall 5 ans I () 585
Adleall N Aliiall J gas

Dtnall 4y e X2 dai X1 saall ae 28l aaldi die
4%, +5(0) =20

20
IR =
1=, =9

X, bl die (5,0 ) adalds Ak s
e = Xq, X sl e 2adl)

4(0) +5Xx, =20

e Xp = - =4
(0,4) ablss ddass .
(2) JS& aay
aaly e 2l (5 giny Ladie -
X2 Feasible Region )
4 -2 Jla
« X <5
4___
- ¢ LS LSl dakaial g ans I 5 5S4
<—-
. (3) JS& Laay
<
» X4
(5.0
(3) Jsa
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At 28l 4 Al dilaiall (48 3 slise Ay 280 ) oS, Laie -2

>“<2 -: Jla
08 4%, + 3X,=12
AUal) Al g ans ) (553
» X1
(3.0)
(4) Js& - Jla
X, <3
X, (5) IS (8 ikl Fiaial y a1 35S
4
03)
HIVEEEY
= - — X1

(5) Jsa
zasalll G Al ade 2l dlllia 5 J oW1 a2 A 2l oS Ladie - a
5X; + 3%, < :1?“
5X; + 3%, =15
(0,-5)
(3.0)

(6) S (b g go LS
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3) (20 ()
5) (4 ) "

(2)
(3)
(4)

(5)

e ) gy, s ) g
GsSd JaY )l A .
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L (7) IS b LS 2l iy ) e 38 aa g Y Lo —

X, < -5
XZ:'S
(01'5)

X2

[en]

) 4 3 (@ @ o 1 2 3 4 5
(1) +
@) +
B3) T

@ +

<& —

(5) &
(-5,0)

(7) Jsa

1- A Firm produced two products these products are processed on two
different machines. The time required to manufacture one unit of each of

two product and profit for each product and the daily capacity of the two
machines are given in the table below:

Product Machine Machine
feeLIe LSy Lstall
T siiall
A 3 2 28
B 1 4 27
Capacity 200 300
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Formulate this as a linear programming problem and determine the
optimum solution that maximize the total profit?

Ll gz giia JSU g piaai! o DU B gl) il aladiuly cilaiiall cpa (pe o8 g UL & g8 Alaa
Joaadl 8 slara LaS (piiSlall da gl
G 5 JiaY) Jad) aaad g Ldadd) daa ) Zigad (3dg Ahal Ludaly ) delual) sl G gllaal)

?@Je&i‘"gm" -

Solution: -
sddlocall Ay ) Asluall 1

Let No. of product A = X,
Let No. of product B = X,
Objective Function

Max (Z) = 28 X; + 27X,

Subject to:
3Xy + Xp<200 ............. (1)
2X, +4X, <300 ............ ()
X, Xo>0
sc¥alaa ) Glisldal) Jagad 2
33X +X,=200 ............. (1)
2X1 +4X; =300 .......... )
1Ll 08l aniy .3
WX, = 200 ... I (1)

Aa= Xy g
3(0) + X, = 200

0+ X;=200
= X, =200
X o5l 2l fLlss i3 (0,200) Akl
Xy =0 o
3X;+0=200
200
1= 3 =67
Xy 5smally 281 ol Jiai (67,0) A

2X1 +4X; =300 ............ 2)

Jé'“A = X]_ Q\ U2
2(0) + 4X, = 300
300
4

- Y =75
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(0,75) ddaaill
X2 =0 o=
2X, +4(0) =300
300

Xy =—=150
2

(150,0) Al
S X2

(0,200) 200

150

100
B (0, 75) 75

=B C (50, 50)

A 100 150
D (67,0) (150, 0)

(2-1) Jsa&

Feasible space or Feasible Region 4aliall cililsay) dihia g) Jal dihaia yaad |
(Sl bladdl o) 5l 2 gl J<) Aleall 8 53l Jag il JS gaas ) dabaiall s g
Ll o5 )5 didaiall IS ) die 2y Jal dde 522Uy A B,C,D 4lllaall Zikaid) Ua a5
e i il C clflaa) z jains 1A C eliinly 485 yee IS V) aen clilanl o &1 lailly

(2) 5 (1) o)) adalss

B¢, + D00 . . (1)
2X1 +4X, =300 ............ (2)

b (4) = (1) Al o s
12X, + 4X, =800 .......... (1)

saaall (1) daleal) (ja 2) Ualeall CJJ:A

12X1 + 4X2 = 800 . .. (1)
2X1 + 4X2 =300 ............ (2)
10X; =500
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(2) Aabaall (8 o gl
2(50) + 4X, =300
100 + 4X, = 300

4X, =200
200
X, = =50
4

(50,50) C «tfilaa) )

ISl Aldlas) e set 31k e (‘.M@J\ AN dad uS) Cpanday LSAS‘ dﬂ\) JhaY) Jadl aaas
‘;JIASJL_Q.J@J‘AJ‘J‘;M‘ JJM\MLM

Extreme Points < kil Jalis Ozbjgczt:g\gzliugggjn
A (0,0) Z = 28(0) + 27(0) = 0
B (0,75) Z = 28(0) + 27(75) = 202
C (50,50) Z = 28(50) + 27(50) = 2750
D (67.,0) 7 = 28(67) + 27(0) = 1876

The Optimum Total Profit = 2750
Optimum Solution = x1 =50
X2 =50

2- Find the Maximum value of
Max Z = 7X; + 3X,

Subject to:
2X1+ X< 8 i 1)
2X;+10X;<20......... (2)

X1, X2>0
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Solution: -

Oilabre () cnbiall Jy st axy () saall (8 () adalds Jalis apaas

Al X4 X5

2X1+X2=8 0 8

4 0

2X1+10X, = 20 0 2

10 0

- Lily Gl s
Al LT 2 3J35 6 7 891O:X1
D (4,0) (10,0)
(2-7) Jsa

o8 OIS i die 2y oY1 Jad) (8 13 (el (33s5 dakaie Jiad (A B C D) 4haiall ol o3le | 24l LS
Oilalaal) adalds 13 Cpall bl ie 185 5 (C) Al oLy deslea S,V Clilaal | dalaidll

ddaaill sl C\)Almy

2X, +10X,=20 ......... (2)
2X, + X3 =8 .ovro (1)
9X, =12
12
X2=_= 1.3
9

25

(1) Asbaall & X, A jaiucal) adll (im gas
2X;+13=8
2X; = 6.7
X1=33



(3.3,1.3) & C ol

Objective Function

Extreme Points i kil) s

Z=7X;+3X;

A (0,0) Z =7(0)+3(0)=0

B (0,2) Z=7(0)+3(2) =6
169 09-

D (4.0) Z = 7(4) + 3(0) = 28

: Cangll Al 8 AiSaal) J glal) dibuia Sl cliilan) a3k ge JieY) Jall paas

:Jalls (D) 4kl ol (Z) < dad e b Jias ) ddail) die a8y Jall o

Optimum Solution :
Z =28
X1=4
X2=0

3- The company Manufactures table and chairs. following Table Shows the
resources consumed and the until profits for each product. For Simplicity,
we will assume that only two resources are consumed in manufacturing
Furniture (300 board Feet in Inventory) and Laboure (110 hours
Available) The owner wants to determine how many tables and chairs
should be made to maximize the total profit for patio furniture

Solution :
30 gal) Bas g JSI culalay) 58 giall culyasl)
Resource Unite Requirements Amount Available

Table (x;) chairs (x,)

Wood (board feet) 30 20 300
Laboure (hours) 5 10 110
Unit profit 32l $6 $8

Letting X; = Number of tables Made
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X, = Number of chairs Made

Objective
Max (Z) = 6X; + 8%,
Subject to:
(Laboure) Jeall el a8 30X; + 20X, <300 .......... (1)
(Wood) o_psiiall 3l sall 28— 5X; + 10X, <110 ............. (2)
X]_, X2 2 O
¥l ) AL Jiga s V)
30Xy +20X,=300............. (1)
5X;+10X,=110............... (2)

Ly 36380 a2 LS

Constraints Points

_ (0,15)
1 (0,11)
5X; + 10X, =110 (22,0)

8 LS (A B,D,C) bl Lgils i g (Alllaal) Abaialf) JSa) A LaS A g Aaidlal) Ablaial) aaas ; Ll
Jsal)

X2

E (0,15) 15

C (10,0) F (22:0)
(2-8) Js
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Qi) old Al il A jedas LSy Feasible Region Adsaal) J slad) Ailaia apaas ; L)
daidlall dihaial) & (A B,D,C) 4dlaall

Aaill) oLl A slra daidlal) Aaial) (S ) asand daidlal) Aldaial) oS ) clfilan) dlagi ; Lasals
(2)9 (1) O3l paliss Jisi Al g (D)

30X; +20X,=300............. (@D
5X;+10X,=110 ............... (2
L (2) 222l (2) Aalaall iy
10X, + 20X, =220 ............... (2)
(1) Aabeal) (30 e Hlas
20X; =80
80
s X = 4
20

(1) b sl
30(4) + 20X, = 300
120 + 20X, = 300
180

20X;=180 - X;=——=9
20

(4,9) o (D) ddadill cldlas) o )
-t ity Cangll Al & ASadl) Jglad dalaia (1S T g ety ¢ il

Objective Function

i i i) Lol
Extreme Points < _kil) Z = 6X, + 8X,
B (0,11) Z =6(0) +8(11) = 88
Wz = 6(4) + 8(9) =
D (4,9) 24 + 72 =96

s s D dahaiall 8 ady da) 6 1Y Maximization adass s caagd) oS0 jlailly

Z =96
X1=4
X2=9
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4- The AMIR Box company makes medium and large units. Medium boxes
each require (9) square Feet of wood while large ones consume (15). All
boxes require 0.5 hours of labor regardless of size wood is limited to (450)
square feet. And only 20 hours of labor are available. due to space
limitations, no more than 20 larg boxes can be mode each day Also,
customers can absorb at most (30) medium boxes. subject to these
constraints, any number of boxes can be made. medium boxes yield a
profit of $6 large ones each only $2

Ga b (9) gling Jugie (Goia IS5 Aagiag B s (hobia gl (oliall gl el 484
O Lagw Lgasiiai! Aol (0.5) ) gliad @aliall JS, (15) ) glise sush) Ggaially )Y
Aagina quugg dslu (20) Asial) Gailly e b (450) @A) e JAgiall, (§gaiall aaa
(30) & S (N Gsabtiag¥ Guslghunall @) LS S Ggdia (20) o AS) piaal Sa (Sl
Alua glhally §2 anal) sl gaiall sy $6 aaall b giall §gaiall ) bugia (§giia
S alie) Mgy Ailnd) 48y jhal) aladiuly dla g ol JS8 Uil

Solution: -

g saill dpdaly ) A luall ; Y o)
Letting:
X1 = number of medium boxes to be made
X, = number of large boxes to be made

The objective is to:
Max (Z) = 6X; + 2X;

Subject to:

OX;+ 15X,<450 ............. (1) (wood)

0.5X; +0.5X,<20............ (2)  (labour)

X, ... B . (3) (Space)

X1<30 i, (4)  (Customer)

¥ slaa ) clibdial) Jyga 3 Ll

9X; +15X,=450 ............. (1)  (wood)

0.5X;+05X,=20 ............ (2)  (labour)

KXo =20 oot (3) (Space)

X: Sa88pr...... p—...... .. (4)  (Customer)
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(Crugaally 3 g8l adalis Jaldi o) Ll 3 580 sy 3 WG

Constraints

_ (0,30)
9X; + 15X,=450 (50,0)
_ (40,0)
0.5X; +0.5X,=20 (0,40)
X, =20 (0,20)
X; =30 (30,0)
50t Xo
40
(€))
Customer
(.13 16.67,20 3
B (0,202 ) Lo
D(25,15)
10
E(30,10)
1
Y —1|—|—|—|—|—H—|—H—I—H—
P=60 P=90 F(30,0)
(2-9) o

(Feasible Region) 4iSeal) J slal) Ailaia : lay)
dihic) 4l dikidll (& (A,B,C,D,E,F) alladll ddhidll ol (2-9) () JSE (e ey
(ESaal) Jlal
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JiSaal) J glal) Adlaia ¢S i cililan) sl - Lusls
(0,20) 4 slee B Adadill il
(3) 5 (1) cpadl) plalis die o&5 C Adaaill

OX;+15X,=450 ............. (1)
X, =208 . ¢ (3)
(1) & il
9X; +15(20) =450 — 9X; =150
150

. X, g =~ 1867
(16.67,20) & C <ilaal .

(2)5 (1) i) ool die a5 D Adal)

OX; + 15X, =450 ............. (1)
0.5X; +0.5X,=20 ........... 2)

2 18 s (2) Asbaal) oy
9X1 + 9X2 =360 .............. (2)

(1) bl (e (2) Udlaall 7yl
6X, =90
“ Xp= —-=15

9X, + 15(15) = 450
X, + 225 = 450

9X;1 =450 -225
225
9X1 S0S e Xl = 9 =25
(25,15) & D <ol .
(2) 3l (4) ol ol e o5 E il
0.5X;, + 0.5X,=20 ........ (1)
Xl — 30 ............................... (4)

ik (1) Aalaad) 8 (4) Aleall 8 X Ga iy 5oy
0.5(30) + 0.5X,=20
15+ 0.5X,=20
5
05X, =5— X, =— =10

0.5
(30,10) & E bl ..
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Objective Function

Extreme Points i kil) s

Z = 6X, + 2X,
A (0,0) Z =6(0) +2(0) =0
B (0,20) Z = 6(0) + 2(20) = 40
C (16.67,20) Z = 6(16.67) + 2(20) = 140
D (25,15) Z = 6(25) + 2(15) = 180
E (30,10) Z = 6(30) + 2(10) = 200
F (30,0) Z = 6(30) + 2(0) = 180

E dadil) aie JiaY) Jadl o
Z =200 X1=30 X;=10

5- Ali Electric company produced two products H1 and H2. products are
produced and sold on a weekly basis. The weekly production cannot
exceed 25 for product H1 and 35 for product H2. Because of limited
available facilities. The company employs total of 60 workers. Product H1
requires two man- weeks of labour while H2 requires one man — week of

labour. Profit margin on H1 is $40 and H2 is $60. Formulate the problem
as an Lp problem and solve for Maximum profit.
Solution: -
gisaill Ay ) Ao ual) ;: 9.9
Let define the following decision variables

X1 = number of unit product H1
X, = number of unit product H2

Objective Function:
Max (Z) = 40X; + 60X,

Subject to the constraints:
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X, EEE. (2)
2X1+ X, =60 ...... (3)
Xy, X5>0

Nl ) cilibial) gy ead ¢ Ll
X1=25 i, (1)
X, SEEN...... ()

Ll 3 ga) a3 LG

Constraints Points

X, =25 (25,0)
X, =35 (0,35)
_ (0,60)
2X1+ X, =60 (30,0)
X5
%
E (0,60) 60

)

B 2
A (035) 35 (12.5,35) (2)

C (25,10

D (25,0)

(2-14) Jsa
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(aidlall Ailaiall) AiSaal) Jglad) ABlata apaas ; Lol
Lolailly saasall & 52508l IS 38a5 Al dedaid) o (Feasible Region) 4eilall daaial)
Aaslaa B 5 ALl AB,C,D
S 2 e AN Al b S 5 B Akl cillan) A
Xo=35.. ...l (2)

(3) alaall 3 X ad g pos

2X; + 35 60
25
- Xy =——=125
(12.5,35) & B cililal gl
(3) 2l g (1) 28 ol & C adail)
X1=25 oo, ()

(2) Halaall (& X A (g 52y
2(25) + X,-60 — X, =60-50=10
(25,10) » C wlilaal o

gl Al B AiCaal) Jplad) Albaia ¢l ) clfilan) i gl Bash o SRV Jad) daa s Lawld

Objective Function

ints <kl Jlis
Extreme Points <kl Z = 60X, + 40X,

A (0,35) Z = 60(0) + 40(35) = 1400
B (12.5,35) Z = 60(12.5) + 40(35) = 2150
C (25,10) Z = 60(25) + 40(10) = 1900
D (25,0) Z = 60(25) + 40(0) = 1500

The optimum (Maximum) value is at the point B (12.5,35)
X1 =12.5 unit of product H1

X, = 35 unit of product H2

Z=2150
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6- Ahmed Industry is making two products (P1) and (P2) the profit for (pl)
(20) ID and (p2) (10) ID. each product pass through three machines is

given below

Product Machine (1) | Machine (2) Machine (3)

P1 1 3 4
P2 2 1 3

Total Time Available 40 30 60

The manager wants to know how many (pl) and (p2) would be made so that
profit is max using graphical method.

Solution: -

g asaill Lualy ) dslLuall ; V)
Let define the following decision variables
X1, X, = number of unit product pl and p2 respectively

Objective Function:
Max (Z) = 20X; + 10X,

Subject to:
X1 +2X;<40 ...l (1)
3X1+ X530 e (2)
4X; +3X; <60............ (3)
X1, X2>0

¥ alee ) clilal) gy ead - L
Convert inequalities to equation

X1 +2X2 =40 .. .. ... (1)
3X1 + Xg = SON— .. (2)
4X1 + 3X2 =60 ........... (3)
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Photo every equation an the diagram and determine the feasible region ;&\

Constraints ~—all Points adaliit) Jalds
_ (0,20)
X1 +2X, =40 (40.0)
1 (0,30)
3X1+X;=30 (10,0)
— (0,20)
4X,+3X, =60 (15,0)

(2-15) JS&l) (B alliaal) dihaial) A g Jad) Aiaia aans slayl

(0,30) 3}

D (10,00 (15,0) (40,0)

(2-15) dsa s JiaY) Jad) aaas laald
(2) 28l as (3) 2l adalis Jiss il 5 (C) olitinls 4 5 yre Ca il Llis aes

axIEe =30l .. )
4X1+ 3%, =60 ........... (3)

(3) = (2) s
oxX FMEK, = oume. 12
AKX + 3%, =60 .o (3) kL
5X, = 30

36



X]_ =6
(3) & sl g
36

4(6) + 3X, =60 —>X2=T=12

C (6,12) ikl .

Objective Function

Extreme Points < kil Jalas

Z =20X; + 10X;

A (0,0) Z = 20(0) + 10(0) = 0

B (0,20) Z = 20(0) + 10(20) = 200
C (6,12) Z = 20(10) + 10(12) = 240
D (10,0) Z = 20(10) + 10(0) = 200

The Maximum Value Z = 240 occurs at the point (C) (6,12)

7- Use the graphical method to solve the following L.P. problem
Maximize = 10X, + 15X,

Subject to the constraints:

2X 1+ X<26............. (1)
2X1+4X, <56 ........... (2)
X1+ Xo <S5 (3)
X1, X5>0
Solution: - )
Crosaally 3 gl adalds Lol 3yaas oY )
‘ Constraints Points
0, 26
2X1 + X2 =26 E13 og
2X, + 4%, = 56 8;313;
0,5

Aalial) cililsay) ddhaie aan g Ll 3 g8l auy 1Ll

37



4
(0,26) 26

(14,0) 14

D (05)

Solution Space

e 13 28
(-5,0) (13,0) (28,0)

By C il il yaad sed SBilliy A B,C,D (oo LiSaall Jlall dikia o (ball JSAH (o i
& LS Lalasl) o2 CJ;L.»S

(2) 5 (3) Cnuill plalis Jias C AL

2X1 + 4X2 o0 ... . (2)
X1+ Xo=5 . 3)
6 (2) = (3) R e
-2X1 +2X,=10
i (2) Aaleall ge 302 Aslaal) gans
2X1 + 4X2 =56 ... (2)
-2X; +2X,=10
6X, = 66
66
X; = e =11
(3) Msbad) b imgseily
-X1+11=5
X1=11-5
Xl =1§)

(6,11) » C kil cilglaal .

sl ) B Al cldlaa) z) A

(2) 5 (1) Cpaill alalis Jici B
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2X1 + Xg =26 ............. (1)

2X;+4X,=56............. (2)
(2) o= (1) g
3X,=30
30
X, = e =10
(1) Al 3 (i el
2X;+10=26
2= 16
16
X = 7

(8,10) & B dkaill cildlasl o

s ohiba zidd Ciagd) A 8 Adaal) J glad) Abdaiae oS 5) cildlan) Gl gad ;LI

Objective Function
Z =10X; + 15X,

Extreme Points < kil Jalas

A (13, 0) Z = 10(13) + 15(0) = 130
B (8, 10) Z =10(8) + 15(10) = 230
C (6, 11) Z = 10(6) + 15(11) = 225
D (0, 5) Z =10(0) + 15(5) = 75

Z L dadll 5 ddaiil) oda a3 geill JiaY) Jal) la 131 (B) ddaill die Coagll Allal dai S
X1=8,X;=10 (230)
8- Use the graphical method to solve the following L.P. problem
Minimize (Z) = -X; + 4X;
Subject to the constraints:

=, + .. ... (1)
P g NEeN0)
Xo <=3 e (3)
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Solution: -

e ataa ) clilial) Jgad : Y

BXy+Xo=6.eeern, (1)
X1 + 2X2 =4 (2)
Xo="3 oo, (3)

Lily 3680 ey ; Ll

Constraints Points
0,
13X, + X, =6 ((_ ) %))
0,2
X1 + 2X2 =4 §4 Og
X, =-3 (0, -3)

Solution Space
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(B) 5 (A) & sgaadl Ll clilas) oz i
(3) 28l e (1) 28l plalis & A
Xp=-3  (3) 2 os
(1) & sass

3%, +(-3)=6 ... (1)

'3X1 =9

¥ X]_ =-3
(—3’—3) ) A Sldlaal o
(3)5 (2) ol adalss Jiai o 9 B ddasil) cildlaal slayl
X2 =-3 (3) J,,@S\ %)

(2) 80 (8 L sl
X, +2(-3) = 4
X;=10

(10,-3) » B <ililaal o

Jtad) ddhie aaas LI
oDle) JSall b Al dahial) & 43Sl Jslall dilaie

A S die Lgtiagd aadl Ciagl) Adfa B (AiSaal) J slad) Aldata S 1) i pdail) Jals i gad LS

Objective Function

Extreme Points < k!l Jalis

Z= -X]_ + 4X2
A (-3, -3) Z = -1(-3) + 4(-3) = -9
B (10, -3) Z = -1(10) + 4(-3) = -22

(-22) = Casell lal dad

The minimum value of objective function = -22
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9- Solve the following L.P. problem graphical
Minimize (Z) = -X; + 2X,
Subject to the constraints:

G- . . (1)
05X+ X2 <2 e (2)
Xy, X220

Solution: -

Since resource value (R.H.S) of the first constraint is negative, multiplying
both side of this constraint by (-1)

o (-1) = 2l (i Hhall s 1A (Al 3 ) sall) Jg¥) 2l W) ilsdl o o1 Hlailly
S s e S () sl 5 e S8 (e a8l J gaid J oY) a8l

( X2,X1 ) ssaall g 3580 adalis aad Y )

Constraints Points

X+ X, =1 ((3-” ](')))
05X + X, = 2 ((_%’ 20))
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JEA (B L LaS g 3 g8l i Ll

(2.3)
(0.2)

A0 1)

Ay 5 A C,E Alllad) dshiall o (Feasible Space) &Saall J slall dhia o)) prcaiy JKEN (0
s b Lo i Luzaly 5 € ddaill cililaal
b LS ilalaall w131 (2) 5 (1) pl) el i 185 C ddail

'X]_ + X2 =Nl . (1)
'0.5X1 + X2 = . (2)

(1) Aateall e
X2 =1+ X1 .............. (3)

(2) Aalaall & (yia gas
05X+ (L+ X)) =2
05X+ X =1
0.5X;=1

(3) Uladl) i imgai

(2,3) C akaiill cilgilas)
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; ciagl) Adla B AiSaal) Jglal) Alata oS ) clfilan) (ol gad (LG

Objective Function

Z = -1X; + 2%,
A (0, 1) Z=-1(0)+2(1) =2
E (0, 2) Z=-10)+2(2) =4
C(23) Z=-1(2)+2(3) =4

The Maximum value of objective function Z = 4 occurs at extreme point between E and
C on the line C E also give the same value of Z hence problem has multiple optimal
solutions and Max Z =4

Jsla Jias ball 138 Lalis geen iny 138 C,E oilaiill (p Joal o)) oall 8 53 5 g gl A1 4ad e
(il Jslall aaet) (i Allall o3 5 (lie

10- The ABC company has been producer of picture tubes for television sets and
certain printed circuits for radios. The company has just expanded in to full
scale production and marketing of Am and Am-FM radios. It has built a new
plant that can operate 48 hours per week — production of an Am radio in the
new plant will require 2 hours and production of all Am — FM radio will

require 3 hours. Each Am radio will contribute $40 to profits while an Am -

FM radio will contribute $80 to profit. The market department, after

extensive research has determined that a Maximum of (15) Am radios and
(10) Am -FM radios can be sold each week.
A: Formulate a linear programming model to determine the optimum production
Mix of Am radios that will maximize profits.
B: Solve the above problem using the graphical method.

gl 8 165 cla A4S i) @ gl certain printed s Gs85L picture tubes gS ABC 4
5, gL g sl JS Aol 48 Jary ) Sy i pdaa L) B9 Am -FM 9 Am <l gadl ) (Gagmd s
LY B aalay sl JS dolu 3 qikid Am — FM Wl dsba 2 iy Giga 3aadl aiaal) & Am
LY acd daiia Baa g U< 80 = pblucd Am — FM £sill Lol Aaiia oaa 5 JS1 40 = pbluy Am £ 50
Am — gsillg8aag 15 2 AM .55 L) (re Ak gud Sy La ) O )80 Lhiny B pallena Sigay (5 0
e sl 33910 88 FM

L) alie) dasl JLaY) L) e paadl ol ) g isalll a9 A
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AdLall Ja sl dill) 48, k) aniiad 1B
Solution: -
Let us define the following decision variable
X1, X, = number of units of Am and Am — FM radio respectively
Sl Jde Am— FM 5 Am (e dadiall Glas gl axe X, Xy o il
Then LP model of the given problem is: A<l Adadll dasa ll 23 ga
Maximize (total profit) Z = 40X, + 80X,

Subject to the constraints:

2X 1 +3X, <48 ... Q)
X1 <smhbwrr. . ... mmmmm ... .0 (2)
X, <ims - | (3)
X1, X5>0
toh Lo i JiaY) dadl paas g 3 gaill o )
b LaS g Cagaally () ol LS aaai 1Y o)
Constraints Points
_ (0, 16)
2X; + 3X, =48 (24.0)
X;=15 (15,0)
X,=10 (0,10)
X5 AU PRAVCPRPE PWRCRT L
4
(2)
(0,16) 16
B (9.10) 3)

A(0,10) 10

Solution Space




Adllaal) Askatal) A LiSaal) Jglad) Alaia o)) gridaly Al am d A (pa ;I
s LaS g Al sganal) Jalil) clfitan) aad sla

(1) 385 (3) ol £l i B
WE . R (3) (3) 2l (ya
(1) Aaleall & (yia gas
2X; + 3(10) = 48

2X1 =18
18
Xl = ? =9
~ B (9, 10)
(9,10) B 4dadill ciliilaal
:Oidalaal) adal Lgslilan) =) ASuY (1) 2l 5 (2) cpaill adalss Jiai: C
E NN (2 (2) sladll ye

(1) Aaladd) & (i gas
2(15) + 3X, = 48
30 +3X,=48
3X,=18
“ X, =6
(15,6) C ikl cillan) ..

siagl) A Astas & (i platl) Jali) AiSaal) J slad) Aldata ol ) Jalhl aran (o g slaald

Extreme Points < jlf Jalas O;jz‘:ig’;l':fgggi(jn
A (0, 10) Z = 40(0) + 80(10) = 800
B (9, 10) Z = 40(9) + 80(10) = 1160
C (15, 6) Z = 40(15) + 80(6) = 1080
D (15, 0) Z = 40(15) + 80(0) = 600

ol LS Jia¥) Jal 8 130 B el i (e La S Lgiad () 5S35 Cangll Al oy &1 lailly

Maximum Z = 1160
X]_ =9
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Xg =10
11- Solve the following L.P problem graphically:
Minimize (Z) = 3X; + 2X;

5X;+ X,>10............. Q)
Xi+XoZ6 eeveereneennnnns 2
Xi+4X5212 evvvviennnns 3
X1, X220

Solution: -

ol LaS g Cpugaally 3 gl adalds aaas 1Y of

Constraints Points

A (0,10
5X1+X2=10 Bgzo))
C (0,6
A S D&&
E (0,3
Xi+4X,=12 = ((12 ()))
X, SN B L 5 po i 30

1 2
B (2,0) D 6,0 F (12,0)

Adaiil) cilan) ans Al cililaal dagy 5 IS b LS Alllaal) ddaiall o i) Jglal) dilaie
(2) 5 (1) oiladl (s G
SR = 10 B (1)
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& (1) o= (2) gk
4X,=4
X;=1
(2) Wsladl) b (i gai
Xo=5
(1,5) G ikl cigiaal ..
(3) E) (2) Ctlaleal) tLqu H adaal)
X+ Xo=6 ..o, (2
X +4X,=12 ... (3)
& (3) 0= (2) gk
3X,=6
— 6 —
X, = =~ 2
(2) sladl) b (m sai
X, =4

(4,2) H ddaiill sl -
o Lo i Cangll Al & AiSaal) Jglal) dalaia S ) Tl cililan) (joa gas

Objective Function

Extreme Points < kil Jalis

Z = 3%, + 2X,

A (0, 10) Z = 3(0) + 2(10) = 20
G (1, 5) Z =3(1) +2(5) = 13
H (4, 2) Z =3(4)+2(2) = 16
F (12, 0) Z = 3(12) + 2(0) = 36

G adaiill vie Cangl) Al Ao 3

The optimum solution is X; =1, X, =5 and the Min Z =13
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12- Use the graphical method to solve the following L.P problem:
Minimize (Z) = -X; + 2X,
Subject to the constraints:

-X;+3X,<10.......... (2)
Xi+Xo<6 eevereronriennn (2)
Xi-XoZ2 eeeevveeenninnen (3)
X, X520

Solution: -

Constraints

1_0
X + 3%, = 10 ©0.5)
(-10, 0)
_ (0, 6)
X, + X,= 6 D)
_ _ (O’ '2)
Ham e =2 2.0)
M g gm s Laga ol L sam Ly 3 i) s
2 X5

4
D (0,10/3)

SOV it AiSaall Jglal) dilaia ja AUladl) Akt ) geaiaty ) sl SO (o
Dok LS 5 Al sgaall

49



(2)s (1) dalaadll tials.a Jiw: C

-Xl + BXZ =10 ............. (1)
Xe+Xo=6 i, (2)
i

0+4X,=16

(2) dalaall b 2 o

(2,4) C adaiill cilaal .
(2) 5(3) ol obalii ;B

sl

(2) Ualaall & a9
4,2)B ddaaill cldlas) o

© ,13—0) B kot (BT

- ohle i Cangl) lls Asbae 8 Aadl Jslal) dikaia (S| (in g
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Extreme Points  «ahil) halas

Objective Function

= 'X]_ + 2X2
A (2, 0) Z=-1(2) +2(0) = -2
B (4, 2) Z=-1(4)+2(2) =0
C (2, 4) Z=-1(2) +2(4) =6
10 10 = 20
D0,=) 2=-10)+2(57) =~

The Minimum value of the objective Function Z = -2 occur at the extreme point

A (2, 0)

13- A diet Food for sick person must contain at last 4000 units of vitamins 50

units of minerals and 1400 calories two food A and B available at a cost $4

and $3 per unit, respectively. If one of A contain 200 unit of vitamin. 1 unit of

mineral and 40 calories and one unit of food B contain 100 units of vitamin, 2

units of mineral and 40 calories find by graphic method what combination of

foods be used to have least cost?

(1400 5 Gdal) Ga Bang 50 9 Clizalidll (e 4000 A2 39S QoS () gl gall (Sl ) slad
(4) 1Dy A gisaill (3) ID .idisill 8y 3 hgia Alial) N gall (pa (pe gi A | Ayl Al &l )
saliad) e sang (1) 9 lisalidl) (e Bang 200 (o GISTA (e Baalgll Baagll (s 1) B g gail
palial) e oaag (2) (linalidll 0339 100 (o 58 Bz silall g 4ol sl i jmad) (0 409 disnal)
Loadione Cillal) QB andid Al Aidal) 3 gal) ALSER aa gl Al ad) il ad) 0aa 5 40 , Asianall

Solution: -

Sl (5

The data of the given problem can be summarized as shown follows
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Cra (9SS Bas gl 3aa glf AdlC

L3800 3aLal)

Food ~_UniteContentof  Cost per unit
Vitamin | Mineral | Calories (R.S)
A 200 1 40 3
B 100 2 40 4

chalfia¥) ¢ ¢Say b il

Minimum Requirement 4000 S0 1400

A A01aad) 3ald) (e las gl aae X o)) (a i
B 4ulaa) salall (e s oll 22 X, o) a8
L.P model of the given problem ALl zaly )l 23 sl
Minimize (total cost) Z = 4X; + 3X,
Subject to constraints:

200X; + 100X, >4000 .......... (1)
Xi+2X>50 i, (2
40X, +40X,>1400 ............. (3)
Xy, X2=0

&M}@JJ}A\@J}.}Q\&LMJJ& 1

Constraints Points

_ (0, 40)

200X; + 100X, = 4000 (20, 0)
w (0, 25)

X; +2X,=50 (50, 0)
_ (0, 35)

40X, + 40X, = 1400 (35, 0)

i) Jslall Al (S ) ciliilaal) ) a0l 2

200X, + 100X, = 4000 ............. (1)
40Xy + 40X, = 1400 ....oervvennnn. (3)
(5) sle (1) Aslndl dai
40X, + 20X, =800 .. vvveeee. . (1)
40Xy + 40X, = 1400 ... (3)
(3) o= (1) ok
20X, = 600
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- X,=30
(3) &b L 2l
40X, + 20(30) = 800

40X; + 600 =800

x, =290 g
40
(5,30) & B il cilaal -
X1+ 2X3=50 coveeeoii. )
40X, + 40X, = 1400 ......... (3)

5 e (1) Aslal) ianis

2Xg+ 22X =70, e 3
(3) &= (1) gk
~X1=20
(1) & o= o=l
20+ 2X, =50
2X5,=30

2 Xp=15
(20,15) C akaiill ciilaal .

JS.&S\‘;AM 2al) dalaiall oo 43Sl I Jslal) dalata

X2

\
035) 40 A (0,40)

35

(0,25) |5

(20,0) (35,0)

A,B,C,D o iiSadl Jslall dikic S )
s b LSy gl Ay 8 Sl Jglall Ailaia (S ) (2 sas
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it ol Objective Function

Extreme Points

Z = 4%, + 3X,
A (0, 40) Z = 4(0) + 3(40) = 120
B (5, 30) Z = 4(5) + 3(30) = 110
C (20, 15) Z = 4(20) + 3(15) = 125
D (50, 0) Z = 4(50) + 30 = 230

The optimum cost At B (5, 30)
Z=110

14- A Firm is engaged in breeding sheep's. The sheep's are fed on various
products grown on the farm. In view of the need to ensure certain nutrient
constituents (call them X, Y and Z), it is necessary to buy two additional
products, say, A and B. One unit of product B contain 6 units of X and 10
units of Y, the minimum requirement of X, Y and Z is 108 units, 36 unit and
100 units respectively. Product A costs, Rs. 20 per unit and product B, Rs. 40
per unit. Formulate this problem as a LP problem to minimize the total cost,
and solve the problem by using graphical method.

i gSall (o putiad Al g Ak pualie 81 g8 (jlaal g Adlida cilailag o3y aitl) ALY SIS g 4y 4l S
Oa ST A goiiall (e Baagll B g A (S8 cilaiiall (e cppllal (e o 51k g, Ay g ) 45038
B9 12 g X (g 6 (0 (sSE B goiiall (e daagll Z (e b2 93 Y (mdaag39 X (332936
sl A= 100936 55329108 A Z 35Y 9 X (o claliia¥) e (AN allg 7 (diag 10 5 Y O
Elgal Ay UCaall Apaly ) A8 Luall alag) glhaal) | 40 B zoilally 3aag J<1 20 A g gital) 4805

Al 48 plally ada g cidlail) Jutint Al daa

Solution: -

The data of the given problem can be summarized as shown follows

tst WS a1y AT il
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claiiall Type of nutrient constituents

Product
X
A 36
B 6
cilabia¥) e S La S8 108

Minimum Requirement

L.P model of the given problem

Minimize (total cost) Z = 20X; + 40X,

Subject to constraints:
36X, +6X,>108 ...........
3X1 +12X;>36.............
20X; + 10X, >100 ..........
X1, X2>0

Y
3

12
36

Cost product
Z
20 20
10 40
100

AQAGUJY\ZQAleo\Ub_)é}
BQAGEWMXZQ\U'AJAJ
M‘r'ag‘)l\cb_,aﬂ\

Constraints Points
_ (0, 18)
36X; + 6X, =108 (3. 0)
_ (0, 3)
3X;+12X,=36 (12, 0)
_ (0, 10)
20X; + 10X, = 100 (5. 0)

(3,0 (5,0
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68 C 5B Ll clilaa¥l daglaa D 5 A LS i 5 Saal) Jslal) dikaia o alllaal) dakiall o)) Jaadls
¢ ol LS 5 0 5l adaliy Lgillan o Ha0u 13 4 sena
(3) 5 (1) o)) adales Jiad Al g B adadil) dlas) o) A%l

36X]+ 6X, =108 ...... .. (1)
20X, + 10X, =100 .......... (2)
(2) ¢ Aabae 4
10X, =100 - 20X,
100—20X4
X2 = T =10 - 2X1 (3)

(1) Halaall 3 (s g5
36X, + 6(10 — 2X;) = 108
36X; + 60 —12X; =108
24X, = 48
48
A XEE—=2
24
(3) Ualadll A 2 g2
X;=10-2X;
X, =10 - 2(2)
“X, =6
(2,6)B ddaaill cldilas) o
3)s(2 Cpal) tlalsj Jias ‘?ﬂ\} C i) cildilaal G\Js:.w\
WX, FRER. ... I )
20X, + 10X, =100 ......... (3)
(2) daladll (e
3X; =36 - 12X,
_ 36—12X,
e 3
~ X1=12 -4X,
(3) Aalaall & (i gas
20(12 — 4X5) + 10X, = 100
240 - 80X, + 10X, = 100
240 - 70X, =100
240 - 100 = 70X;
140 = 70X;
@ Xp=2
(2) dalaal) & (i gas
3%, + 12(2) = 36
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3X;+24 =36

12
X =

(4,2) C akaiill cilgilaal .
sagl) Ally 8 Lalilaal i gad da glaa JalGl) aaes Capal o) a2y

. o o b e Objective Function
P
Extreme Points < ki Z = 20X, + 40X,

A (0, 18) Z = 20(0) + 40(18) = 720
B (2, 6) Z = 20(2) + 40(6) = 280
C(4,2) Z = 20(4) + 40(2) = 160
D (12, 0) Z = 20(12) + 40(0) = 240

The Minimum objective Function occur at the extreme point C (4, 2) the

optimum value =160

15- Use the graphical method to solve the following L.P. problem
Maximize (Z) = 10X, + 20X,
Subject to the constraints:

X1+ X230 ueenenneenns
U= 3 ... e
0<X;<12 .eevrvnnnnnnne
0<X1<20 ...ccuveveueee
Xi-X220.einiinuunnnnn.
X1, X220

Solution: -

()
3)
(4)
()

1)
()

e (3)
.. ()

a8 ) cliliall o ead Y )
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Constraints

O saally 3 g8 adalds aans (Ll

30
(0,30)

20

©))

D (18,12

(20,0) (30,0)

o
X,=3 (0, 3)
X, =12 (0, 12)
X, = 20 (20, 0)
X1-X;=0 (0, 0)
t X2 )

Ll 3 581 s i ;LIS

Al A B,C,D,E 4iSaall Jslall dilata ) daidlall dilatal) pyans ; b

58

4 ggaall Extreme points i hill Jalis cililas) sayl slusald

(5) 5(2) ol adalss Jias A ALl



X1:20

20 + X, = 30
~X,=10

Xl +12 =30
s Xy=18

....... 5)

(5) Aaladd) & X2 Gasd (2 gas

(3,3) A ikl cililal -

(3) 3 (2) cpusl) pdales Jiai Al 5 B Al

(20, 3) B akall clilasl o

(4) 5 (1) Cpail) adalis Jis 215 C Akl

(20,10) C kil cilas)
(1) 5 (3) cpail Al Jias 15 D adail

(18,12) D ddaail) calilaal
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Xl -12=0
X]_ =2
(12,12) E 4kl cidiaa)

(il Caagl) A & L plail) ol (joa gty s Ll

Objective Function

- i ) Sl
Extreme Points <kl Z = 10X, + 20X,

A (3,3) Z = 10(3) + 20(3) = 90

B (20, 3) Z = 10(20) + 20(3) = 260
C (20, 10) Z = 10(20) + 20(10) = 400
D (18, 12) Z = 10(18) + 20(12) = 420
E (12, 12) Z =10(12) + 20(12) = 360

The Maximum value of the objective Function Z = 420 occur at the extreme point
D (18, 12)
duadl) daa ) 773 gall dualdd) eNAY 722

R (Unbounded Solution) 2gisall & Jadl : Yl
) s 3l gall 330 ) Ol ) A 5iia Feasible Region diSaall J slal) dslaia ¢ 4S5 Lia
b WS g agan g Caagll Alla dad Baly )
Max (Z) = 3X; - 2X;

2X1+5X,>10 ............. (1)
Xo <pimmmee. ... pm—..... Bl
Xy, X5=0
X,
0,8) 8 (2)
R ITTREERER
0,2) 2 Feasible Region

(5,0)
(2-11) Js
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Infeasible Solution J> aga9 ass ; Lils
zs sl dualy ll deluall dlad sy die il Lile Allall o2a
3 5l) (A jidia Ja dihaie aa 65 Y G V) QL) 8 LS L jlaia 258 0

(2,0) (6,0)
(2-12) o8&

Max (Z) = 4X; + 2X,

Subject to:
AXp +2X, < 8 i (1)
5X1+5X;>30.............. (2)

Multiple Optimal Solution Jial Ja ¢ JiSI 392 g Als ﬂ-‘
i) Jal (i (Find AiSaal) Jlall dilaia (IS ) (e A (po S) )5S U 5

16- Use the graphical method to solve the following LP Problem
Maximize (Z) = 10X, - 6X,
Subject to the constraints

X + SEEG0 ... (1)
o . e 2)
Xy, X220

5X, + 3X, < 30 (?6’100))

X, + 2X, <18 ((102598)

61



Cpadll adalss Jiad Al 5 (B) ddaiill culias) sl

5X, +Higke= 30 I (1)
X1 + 2X2 =18 ... (2)
(5) = (2) staadl oy
65X, Ao ool B ()
(2) o (1) a5k
5X1+ 10X, =90 ..vove.... )
5X; +3X,=30 .oeeeeeeie, (1)
7X2 =60
60
X2 = T

5X, + 3(%) = 30
180

5X; =30 -

(1) Al 5 (o il

—

C (6,0

(2-13) Jsé
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Extreme Points  «a_kil) Jalas

0 (0,0) Z = 10(0) + 6(0) = 0
A (0,9) Z = 10(0) + 6(9) = 54

B (2, %) Z=10(2) + 6(6—70) = 60
C (6,0) Z = 10(6) + 6(0) = 60

Jslall aaa iy 138 (JieY) Jall) Cangll sl dad alae ) liiny B,C ikasill () Jaay

Degeneracy 4bady) ; Luad
b LS dal) e pilial Gadg Jall e (aild ad a s s Alla La

X
4
04 4P
()
1)
X1
A 2 8
C (20 (8,0)
(2-14) Jsa&
Max (Z) =3X;+ X,
8Xy +4Xo< 16 e, (1)
Xy +2Xp< 8 oovieeeil )

63



Extreme Points  «a_kil) Jalas

A (0,0) Z=3(0)+(0)=0
B(04) Z=30)+4=4
C(2,0) Z=3(2)+(0)=6

oaild a8 ga AU A8l o) g C Adill) die S5 Jadl o) BaY

Simplex Method Haual) 48y k) 2-6-2

SaaY) ozl I allall o) gha ddadll Aaa syl Jllise Ja (8 Jlad ozl ) bl 48y Hlall 038 aaiad
G usiall @ld JSLal Ja AlSe) la¥) 13 Jeady maal s 1947 Wle G.B.Dantzing
Al )l 23kl Ja 3 s ST Cdall aladi) Lealadind ¢ sad e aeli Laay 520205

Maximization adiail) ddla b ddacwal) 48y jhal) aladin) &) ghad

Standard form (bl JS&I ) Carell Alla g 3 gl Jasad 1

Jall nasss Table Form (Adseall daaall) Jeas 2 ) uldl) dall ias 2

P Oe dsaadl (S Sl
Jsaall & a5 (Basic variables) dslud) < il 3see s Joaall J5¥) a5aall g

gl Al 8 Leilas Jiay C 2 sall s J5Y)
Zasaill 85 Le (385 3SI 5 Al ol puriiall i alre Jiad Baac V) Ay
A sall Jiay 5 (R.H.S) LY i 3 seal
Lol Acal) Jiay 50AY) 3 saal)
ol s g il e Bl Jiay G )
(i) Alls O lae ADae Jiai Z canall f

® oo T

13 i) e Jall b adaed Canglls dinge Z Caall o aa) cal€ 13 JanY) Jad) sl 3
el Jall 8 4 a5 L) a8l jes il 13 L) (4) 5 shaall I Jai
A5Vl shadll (385 daa Uz jAGud b ghaall oda g Jall Gpeni 4
. Entering variable Jall il Jiai 7 couall 8 4 g0 dad 58V Jiad) yuidl g
(R.H.S) 25aall cOllas 2 dand (51 b e Leaving variable z_ Wl susidl mass
adlly AL aE) AL AN Leidl e L s kLd adl
3ac ey saclall s2a ‘scﬁjz\.m.écj\a Ja d.tlsg Lﬁj\ ‘)..),:\AS‘ 5 Cju‘ ):":“‘A‘J ‘\.JJA..AS\
.(Min Ratio) Lsall axual)
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pivot Lssall e xi Jaall juaiall 3 gae aa z A juaiall Coa adalii 8 Za8) )l el C
sl 3gae Wasae 55 ) saall Caall o lgdia g
ol LS 7 A ol Jpaall sl g
opdall il e paall Jsaall ) Jan s jsaall dad o oy )l i (1
Jalall usally Al
(1) & g oais) G sl Call i 315k e el Jadal &y Casiiall 48 (2
Jaaall (3 anlpaiul A el ) caall I 4y ja ey Gl 1)) Cumy a4y
Gosall Gaall oy 1A jdiall 4 glue saall abiie daall oS5 (@l
3 laliall 5 (aull Caall) dal Adl 2 el Caall i o3 pal) 4l Gui Ll
I Sliay Liadl daally 44 i a2 ()l Caall 5 B LAY GuSaas ) el
nanl Jganll 8 Cacall iy wpal J gaall 8 And 350 ol el il

i shaall ) S5 e ge Aad ypaall Jgaall i (G - Z) sl 8 53 sa sal al) aaf S 1Y 5
iy i o 5 7 ol b Al e ) e il (ppnl R

Example 1:
Max (Z) =5X; + X,
Subject to:
AX; +6X, <12 e, (1)
Xi+Xo<20 oo, (2)
X1, X220

Solution: -

Slack ) 58Il <l piial) eu i pide ALl elldy cValea ) clibidl disad ;Y

Sa b3 Jalaay Ciagd) s Adalea M) <l piiad) oda Ciliig (variable

D Y JSAIL 23 gaill aay LA 338 6l yal aay

Max (Z) =5X;+ X, + 081 + 052

Subject to:
4X1 + 6X2 + Sl e (1)
X1+X2+SZ=20 ................ (2)

X1, X2, 51,5, >0
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() Jadl Jga2) Jasall J gaad) andai ¢ Ll

Table (1)

A &) piiial) Lial) dagdl)
Basic variable e Min Ratio

= Al
0 S, 1 10 1 20 22 _5 | %

Z S 41 0 0 0 0
JAs M\T

daa e 2 gl i 5 Al ol yiall Jiaal) (Z) clelas (Y Jiel e oo Jall
(o) ) WG 5 glasd) ) Jaias 13

;dﬂ\(&u&i’;mﬂ

((F5) Z ol 3 A e B LS) iy Y JRI i) iy X, i) 2
e bl Je RH.S asenll Oldlas dand Gk (e dide diaad 7 lall il b
el ) it Lgie g (Min Ratio) 2 gead) 8 Auaall o355 JANA jaaiall 3 gae S las
(3) Fns JB B Y S5 58 ¢ A
e S; oAl i) Chia pe X Al id) dgee oblE de o8 i) Al C
Bl JAks w65 (Pivot) ) saad!
(S Jsasll i d
Xy Jalll il S Al sl Jadiy 1
o Loguda Bl Jooall )small caa s G Joaall 8 jsadd) Can 2

(sl LS ) sl
4 6 1 0 12
S — — — —
3 1
X3 1 — — 0 3
2 4
i
& gossd
aall Jgaad)



TN, ) DR TIN5 s, SN, o REDSNIS! o onyes
paall Jgaall A4S, Caa miud J gV J gaall

3 1

-11(1 T T i i)
3 1

= —=— = 0 -3

e, M 1 0 1 20
1 1

k. s, e - - 1 17

Gl priall Baae] i ik e Ale dhand yaall Jsaall 8 7 Cha 2 AL
Gl Jaals gens (2al) Jsaall 3 ) Cg asenll b Led 5 laliall a3
b LSy Cangll Al & <l yuaiall < Malaa (pe da i

Zy, =5—(1*5+0%0) =0
Zy,=1-(=*5)+(-2*0)=1-75=-65
Zs,= 0 jiE=> 5 ) R~ O IR,
Z=3*5+17%0=15

(b LS5 (2) @) Jsan et (S cilleall 338 22y

Table (2)

) &l el LAl dagdl)
B |Basic variable  X; s Min Ratio




Jial Jal) i (Max) adass Coagll s Z caall 8 4dlu dad 250 5 a2l lailly
Z=15 JuY Jallid .
X, =5
X,=0

Penalty (Big M) Method s/ adl 48 jh o) 5 Sl 2 483 5k

Slack variable 3351 1l &l juaiall CBllaa (oS5 die (g g o) (0 S Algy 358l () ¢S5 Ladice
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AL e 4y i M Cim M Cangl Al i dlela s

Al 238 e oo JUe L Laid

Min (Z) = 5X; + 7X,

Subject to:
X1+2X,=50............. (1)
X1220 oo, (2)
Xo<20 oo, (3)
X1, X,>0

AV il ghadll 3yl e bl Sl ) 23 sl gty dinie
(A7) =4 35 (Artificial variable) elihual jxie con e ad Cilizay J5Y) 2l
(Ag) o lihaal e oy ke al il (S) 351 5 e e 7l ) 2
L (Sy) )y ke 4l Cilimy L) 2l
e Cangll Ay L 55 1) < il i lalas
Al g e Lo il las 5,08 (M) A o) Cus (M) e libaa¥) <l juiall 5 lalae
b Lo abad) 3 gl Al Arpuall (4 555 8 g
Min (Z) = 5X; + 7X, + 0S; + 0S, + MA; + MA,

n B W=

Subject to:
Xi+2X,+A=50............. (1)
X1-S1tA=20................ (2)
Xo+S,=20 i (3)

X1, X2, 51, S2, AL A >0
A Hia dalaa ) Caagd) Al Aalea Ly g3
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Table (1)

A &) piiial) Lial) dagdl)
B | Basic variable e Min Ratio

Z S5-2M [ 7-2M M (0 (0 |0 70M

aga A Lt B BUY clalaal) & Baas) cidlalaa G Bk 0 dule Uilaa J g1 Jgaal) (B (Z) e / Aiadla

o LaS g ciagl) Alla (8 <l piiial) alaa (14 Lga sk g (BasiC) dsbasd) &l psial)

Zy, =5—(1*M +1*M +0*0) =5—2M
Zy, =7—(2*M+0*M+1*0) =7 - 2M
Zs. =0—(0*M + (-1*M) + 0%0) = +M
Zs, =0—(0*M+0*M +1*0) =0

ZA; =M, — (1*M, + 0*M, + 0*0 ) = 0

ZA; =M, — (0*M; + 1*M, + 0%0) = 0

Z = 50*M + 20*M + 20*0 = 70M

Jkiall 5 X allas o 81 iy 301 58 JAN ppkially 7 Conall b ullas o 35 5) el e Jal
(A2) Min Ratio caall & feud z jla J8) Qs o3I 58 2 Al
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S Jgaad) 3 sha ) Al duluald) cililasl)

oadall Ay oD el Jladisl ae (1) Dssall 4ad 581 8 WS Jiiy (o) sl aall ]
ek WS paall Jsaall 3 ) sl caall 0 oS5 el X Jalal)

X1 1 0 - 0 0 1 20

Gl LV Gl (1-) (D) b 2 sy sadllasall iy Ay il G ) A3 2
ol Coall mitd sl Jgaall 4 Ay riall (ud

-1 - o 0 g M 20) sadl cisal
il o' T o 0o BN B
oldMA; 1 2 0 0 i 50 sl
New MA; 0 2 1 0 1 [ 30

Do gt onall ALE Aadll GY 5o LS aaall Joaall 8 J54 S, caall 3

Table (2)

dolaa) @ piiiall Luial) dagdl)
Basic variable - Min Ratio

CB

Z 0 |[7-2M | 5-M 0 0 | 2M-5

s b LS Al o) AT a7 a4
Zy, =5-0*M+1*5+0*0=0
Zy, =T —2*M +0*5+ 0*0 = 7—2M
Zs, =0-{1*M + (-1) (5)} + 0*0=0— (M-5) =5-M
Zs, =0~ (0*M + 0*5 + 1*0) = 0
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Z,, =M~ (1*M + 0*5 + 0*0) = 0
Zy, =M~ (-1*M + 1*5) = M — (5-M) = 2M-5
(5-M ) Z ool A Aad s pn o Jiul y& (Table 2 ) 4 dall
A sp g Al il
Xy 5o Jalall uaidll
e (2) ol o sosaall Cuall dad (e i (3) ) sl (B ol caall o
b LS X, Jalal iy Ap z ) il Jlasid

N L 021 o 1 1 30
2 2 2
1 1 1
X, 0 1 = 0 —~ —= 15
2 2 2
iea ) saall ALE Al (Y oa LS Ja S Caall 0
1 1 1
-1 (o 1 += 0 = —-= 15)
2 2 2
1 1 1
0 1 —= 0 —-= 4= -5
2 2 2
+olds, O 1 0 1 0 0 20
NewS; 2 e 1 p 1 i3 5
2 2 2

Aulaa) @) il LAl Aol
Basic variable - Min Ratio
5 Xy 1| o -1 0o o 1 20
1 1
0 S 0| 2 — 1= — 5
2 2 2 2
3 7 3
Z 0 0 — 0 M—— | M=—=| 205
2 2 2
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ol LS a3l 7 Canall 08
ZX1 =5 (0*7 + 1*5 + 0%0) = 0
ZX, =7 — (1*7 + 0%5 + 2*0) = 0
—0 (w74 (% eyl i3
ZS: gt *iaEl*s) 8O, *
ZS, = 0— (0%7 +0*5 + 1*0) = 0

ZA; = M~ (47 +0%5 + (- =*0)) = M——

ZA; =M — (= 3*7+ 15+ (*0)) =M (-35+5) = M — =
Z(R.H.S) = 15*7 + 20*5 + 5*0 = 205

Z cauall 830l a3 ga 5 aand Jiel o (3) saall 3 sl
Z =205
X, =7
X,=5
Duality in Linear Programming 4shid) daa i & AUl 8-2

Ja o) 38 () 23 il i 5 5 g 51 e 8 5 el eyl b 23 503
ARl il pladl) s S 3 pall e S pmall g ol 23 gl

(Min) &' (Max) (e <eagl alla (uSas -1

Y S e i, o BB

G 73 el 8 Cangl) Al idalan ) g 35l (e aid) cilal) 8 ol S 2l -3

sapaaldl 3 5ll (sl Calall I J e Cangdl Allal ol yuriall < lalas -4

Bac| 8 ghiall 58 ghia Brac V) mualh il Huriall E lalaall 48 ghina J a5 -5

OsSally (Sl 5 (5 sbany (00 JB () (5 sl ) (e ST (e B )LEN S -6

Ldd) axe Ja i ddis il -7

(dual ) 45 zagadl (primal ) (b 73 sadll Jygad 2i) 68

Jall sl al Jeas UL 5 <l ppatall o) 258l (pe 220 8 (5 sin 73 gai e Jguanll ]
258l e ) ilad) 8 Al sl e RSl D
UL agdt e aelud Al 4pabaidy) Glaal) e paell A Joa ) A& acluy -3
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Ex 1:- write the dual to the following L.p problem
Mazimize (Zy) = X1-Xo-3X»

Subject to the constraints:

X+ X+ X3<10 . Y
2X4 +-X3<2 Y >
2X1—2X, -3 X356 . Y3
Sol 1

Min (W)=10Y; + 2Y, +6Y,
Yi+2Y,+2Y3>1 ... ()

Y2 Y, > e (2)

Yi- Y2-3Y3>3 ...(3)
Yi,Ys, Y326

Ex 2:- write the dual to the following L.p problem
Minimize (Zx) = 3X;- 2Xo- 4X3

Subject to the constraints:

3Xy+ 5 X, +4X3>7 B (1)88
6X1+ X, +3X3>4 ..(2) Y,
Xy +2X, + X3>-10 ... (3) Y3
Xy - 2X, + 5X3>3 . (4) Y,
AX;+T Xy -2X322  ...(5) Ye
Sol 1

Max (W)=7Y: + 4Y, -10Y 3+3Y,+2Ys
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Subject to the constraints:

Y +6Y,-7Y3+Y,+4Ys <3 ....(1)
5Y 1 +2Y,+2Y3-2Y,+7Ys <2 ....(2)
AY 1 +3Y,+ Y3+5Y,-2Ys <4 ....(3)
Y2, Y3 G, Ys >0

Ex 3:- write the dual to the following L.p problem
Maximize (Zx) = 2x;+ 5%, + 3X3

Subject to the constraints:

2X3+4 X, - X3<8 (1 )
-X-2 X, +3X3>-7 ..(2) Y,
X1+3X; -5 X3>-2 .. (3) Y;
4X1+ X, + 3X3<3 ..(4) Y,
X1, X2, X320

Sol :

ek el s 5 Max casgl ala (581 < > (hm sl g i 3 2l il 5
Bl LSOV ) . 2

Max (W)=2Y; + 5Y, + 3Y3
Subject to the constraints:
2X1+4 X - X3 <8 ....(1)
X1+42X,-3X5<7....(2)
-X1-3X,+5X3 <2 ....(3)

AX 1+ Xp+3X3 <4 ....(4)

Xy, X, X3 20

Min(W)=8Y; + 7Y, +2Y3+4Y,
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Subject to :

2Y1+ Yo-Y3+4Y,>2

4Y 1+ 2Y,-3Y3+ Y,y >5

-Y1- 3Y,+5Y3+3Y, >3 ....(3)
Y1,Y2,Y3 Y420

Ex 4:- write the dual to the following L.p problem
Minimize (Zx) = 4x;+ 5%, + 12 X3

Subject to the constraints:

22X+ Xy + X3<4

3X-2 X, + X3=3

Xy, X2, X320

Sol :

Minimize (W)=4Y, + 3Y,

Subject to the constraints:

2Y1+3Y, >4

Yi-2Y, >5

Yi+ Y, >12

Y1>0, Y, unrestricted in sign

Ex 5:- construct the dule of the Linear programming problem
Minimize (Zx) = 10 X;- 6 X, - 8 X3

Subject to the constraints:

X1- 3X;+X3=5

22X+ X, +3X3=8
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X1, X2, X320

Sol :

Maximize (W )=5Y; + 8Y,
Subject to the constraints:

Y- 2Y, <10

-3Y1+ Y, <-6

Y+ 3Y, <-8

Y1, Y, unrestricted in sign

Ex 5:- construct the dule of the Linear programming problem
Maximize (ZX) = 3 X3+ Xp+ Xz — X4
Subject to the constraints:

X1+ 5X;+3X3+4X, <5

X1 + X2 =
Xz- X4 <-5
Sol :

Minimize (W)=5Y; - Y,-5Y;

Subject to the constraints:

Yi+ Y, >3

5Y:+ Y, >1

3Y;+ Y, >1

4Y,—-Y3>-1

Yi,Y,>0

Ex 5:- construct the dule of the Linear programming problem

Maximize (ZX) = X3+ Xp+ 2 X3
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2X1- 3X,+2X3=4
X1+t Xy + X326
4X1-3X,-5X3=1
X1, X2,X3 >0

Sol :

Minimize (W)=4Y, - 6Y, +Y;

Subject to the constraints:

2Y1- Yo+4Y3>1

-3Y1+ Y,-3Y3>1

2Y1- Y, -5Y;3 >2

Y,>0

Y., Y3 Unrestricted

Ex 9:- construct the dule of the Linear programming problem

Maximize (Zx) = 16 X4+ 14 X, + 36 X3+ 6X,

Subject to the constraints:

14 X +4X,+14 X3+ 8 X, =21

13X+ 17X, +80 X3 +2X,<48

X1, X,>0

X3, X4 Unrestricted

Sol :

Minimize (W) =12Y; + 48,

Subject to the constraints:

14Y,+ 13Y, <10

4Y,+ 17 Y, <-6
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14Y,+ 80Y, <-8
8Y;+2Y,=6
Y1=>0

Y, Unrestricted
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(AN Jualll) ALicif

1- Mr. Mohammed, a retired Govt. officer, has recently received his
retirement benefits, viz, provident fund gratuity, etc. he is
contemplating as to how much funds he should invest in various
alternatives open to him so as to maximize return on investment. The
Investment alternatives are: government securities, fixed deposits of
public limited company, equity shares, time deposits in banks, national
saving certificates and real estate. He has made a subjective estimate
of the risk involved. The data on the return on investment, the number
of years for which the funds will be blocked to earn this return on
investment and the subjective risk involved are as follows:

Investm_ent Return No. of years Risk
alternatives

Govt. securities 6% 15 1
Company deposits 15% 3 3
Equity shares 20% 6 7
Time deposits 10% 3 1
Real estate 12% 6 1
25% 10 2

He was wondering what percentage of funds he should invest in each
alternative so as to maximize the return on investment. He decided that
average risk should not be more than 4, and funds should not be locked up for
more than 15 years. Formulate an L.P model for the problem if he does not
want more than 30% of the investment to be put in the real estate.

¢ clblal) ¢ AN Godia gl ¢ el clBlaiu) 1330 Al ¢ ol agsa Caliga ¢ A2 dad)
Bl A dalial) Adlidal) Jilal) A W paliey O g Al JIgaY) lala B S8y g2y D LY Lag
Al Al ailagh g dpagSall Adlall 3o gY) 1A L) Jily aa ol ) L) sile
ey ald SAY ) jlGal) g Aidagl) gl culalgedig A gil) B oY adlaghl g ale aguul g 33 g3a dale
OB At Al 3 jaliall e ey gl o adladl Jea clibad) Aldiaadl phldall el

s LaS oA Aldiaal) Lpadldl) jhaliall g jlefiind) o ailadl 1da o J gl Leldai (e 1 gaY)
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5_hlial) cwiad) e il e il

1 15 %6 A g8al) llall (31,99
3 3 %15 As ) adlag

7 6 %20 Lale agl

1 3 %10 Ja¥ ailag

1 6 %12 dih gl gt e
2 10 %25 )

A el ) et wile 5l Jat JS (A W ety o) g 31 0¥ A 0 Jelay s
Alua 22 g) Wle 15 (e ASY JIgal) (BUS) @ Vg ¢ 4 08 i YT g shalial) Jagia o) 4 A
ad) B L) (e 730 (e ST g B o al 1Y) AlSEal | P i gad

(Portfolio Selection Problem)
2 - The Agro Promotion Bank is trying to select investment portfolio for a
cotton farmer. The bank has chosen a set of five investment alternatives, with
subjective estimates of rates of return and risk, as follows:

Annual rate .
Investment of return (%) Risk
Tax-free municipal bonds 6.0 1.3
Corporate bonds 8.0 1.5
High grade common stock 5.0 1.9
Mutual fund 7.0 1.7
Real estate 15.0 e 7

The bank officer in charge of the portfolio would like to maximize the
average annual rate of return on the portfolio. However, the wealthy investor
has specified that the average risk of the portfolio should not exceed 2.0; and
does not want more than 20% of the investment to be put into real estate.
Formulate an L.P. model for the problem
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(Aadaal) s A1)
dad (1 de gana i) JUR) ol £ ) el 4 el Adddaa L) o) 3 gl dl Jglag
1A gadl) o ¢ glaldall g dilad) cianal 4603 ) i aa oAy jlali) Jily

3 kil (o) s siuad) dilal) Jana ey
1.3 6.0 i) puall (pa Blina dgaly cilaia
1.5 8.0 S ) elata
1.9 5.0 Basad) Adle Apalall agud!
1.7 7.0 & jidiall 3 gaiall
2.7 15.0 <l _lad)

lll pay Aidaall o (o sical) dilad) Jara Jagie 535 Abdaal) (8 Jgipaall i) Jgipna 35
Cre ST Lty o g Vg 2.0 Sl ¥ g dlbdaal) jhalde b gia O A paffisal) 2aa
AEall | P zigal delua o iad) & L) (s 720

(Product Mix Problem)
The Delhi Florist Company is planning to make up floral
arrangements for the upcoming festival. The company has available
the following supply of flowers at the costs shown:

Number Cost per flower
e available P $
Red roses 800 0.20
Gardenias 456 0.25
Carnations 4000 0.15
White roses 920 0.20
Yellow roses 422 0.22

These flowers can be used in any of the four popular arrangements whose
make up and selling prices are as follows:
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Arrangement Requirements Selling price

4 red roses
Economy 2 gardenias $6
8 carnations
8 white roses
5 gardenias

1oy R 10 carnations =
4 yellow roses
Spring-color 9 red roses $ 10

(@) e AlSa)
Cro AUl Clalaay) AS Al Bgi ad il pgall joa ) cilufif Jaad a3l gy AS,d Jalads
;M}Aﬂmg‘)}h}\

$§ 5 3 J<! Aatsat) Zial) a8 ) g sl
0.20 800 £ 0a 399
0.25 456 L e
0.15 4,000 Jai A
0.20 920 sbau 39,3
0.22 422 sl Aa 3y,

LaS Lga g Lghn oS0 ol 90 A1) dadiLil) dag ) i 31 (pe g (A Y 038 aladia Sy

e
) clalbaial) i 3l

$6 £l e 39094 laity)

Lsa jad) 2

Jiigg

$8 slan 39,98 B

Lbajle 5

Jiig10

£ Aua 35059 4

$10 £l 39,99 & O
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(Product Mix Problem)

A plant manufactures washing machines and dryers. The major
manufacturing departments are the stamping deptt., motor and
transmission deptt. and assembly deptt. The first two departments
produce parts for both the products while the assembly lines are
different for the two products. The monthly deptt. capacities are

Stamping deptt. : 1,000 washers or 1,000 dryers
Motor and transmission deptt. : 1,600 washers or 7,000 dryers
Washer assembly line : 9,000 washers only

Dryer assembly line : 5,000 dryers only

Profits per piece of washers and dryers are $ 2,700 and $ 3,000 respectively.
Formulate the L.P. model.

AUy & aall and ¢ aSAY) and A A ) il alud] | cildiaal) g cYLuAl Al picaa a ghy
graxil) hghd CAlIAS el cpaiiall e JS0 sla) YY) Clecdl) il | asendll audy A4S Al

1o A gl andl) o a8
Cidaa 1,000 ) Ued 1,000 RECPO
ciiaa 7,000 5 A 1,600 AS ) B g & jaal) audd
Lid s 9,000 Aol arani bad
Lib Ciina 5000 ifaall apand bd

L.P. zisaipa, Mgl e 3,000 $ 52,700 § cilidaal) g cNLal o daldd J<I L Y

(Product Mix Problem)

Consider a company that must produce two products over a production
period of three months of duration. The company can pay for materials and
labour from two sources: company funds and borrowed funds. The firm
faces three decisions:

1. How many units should it produce of product 1?
2. How many units should it produce of product 2?

3. How much money should it borrow to support the production of the two
products?

In making these decisions the firm wishes to maximize the profit contribution
subject to the conditions stated below:

(i) Since the company's products are enjoying a seller's market, it can sell as
many units as it can produce. The company would, therefore, like to produce
as many units as possible subject to production capacity and financial
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constraints. The capacity constraints, together with cost and price data, are
given in the table below:

I — Cost of Require(_j hours per unit
Product ($ /Sn?t) production In deptt
($/unit) A B C

1 14 10 0.5 0.3 0.2
2 11 8 0.3 0.4 0.1

Available hours funds per 500 400 200

production period of three

months

(ii) The available company funds during the production period will be $ 3
lakhs.

(iii) A bank will give loans upto $ 2 lakhs per production period at an interest
rate of 20 per cent per annum provided the company's acid (quick) test ratio
Is at least 1 to 1 while the loan is outstanding.

Take a simplified acid test ratio given by
Surplus cash on hand after production + Accounts receivable
Bank borrowings + Interest accrued thereon

(iv) Also make sure that the needed funds are made available for meeting the
production costs.

Formulate the above as linear programming problem.

i O Ayl Sy pged] A0 Lgtae El) B i o Gpaile gl ASyd e O s
sl )8 A A8 ) A g8 A i8al) ) gat) g AS i) J1 gal 30 sdan Cpa Adland) g 3 gall JilBa

1 pilall Lgatii o oy Al Claa gl aae oS ]

2 ziiall Lgaily o o Al Cilaagl) 33e a8 2

foaiial) g W) acdl (4l 85 O g Jlal) (e S 3
Bl ol o gyl 188 g ucB¥) aad) ) eyl Aadlena By (0 AS ) i 5 ¢ el i AN oda MAS) Xie
-oliy)

O OSay Al Claa gl (o (e dae S A LgiSay ¢ aalal) (§ g aiali AS i) claita oY 1585 (1)
35381 g i) B a8l e g cilas gl (pe (San 3o 8] L) B AS Al e 8 ¢ A Lgas
soliaf Jgaad) B ¢ jlad) g Adlsil) ciliby Gl ) ¢ Aad) 398 3 5 A
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(a Aadla ddacipe glaea JLEA) Al 3
Ol a4+ ZUY) sy ) Jslita B a8 (aildl
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- (Product Mix Problem)

6- A company produces two parts P; and P, used in television sets. A
unit of P, costs the company $ 5 in wages and $ 6 in material, while
a unit of P, costs the company $ 20 in wages and $ 10 in material.
The company sells both parts on one-period credit terms, but the
company's labour and material expenses must be paid in cash. The
selling price of Py is $ 25/ unit and P, is $ 60/ unit. The company's
production capacity is limited by two considerations. First, at the
beginning of period 1, the company has an initial balance of $
35,000 (cash + bank credit + collections from past credit sales).
Second, the company has available in each period 1,600 hours of
machine time and 1,400 hours of assembly time. The production of
each P; requires 2 hours of machine time and 1.5 hours of
assembly time, while production of each P, requires 2 hours of
machine time and 3 hours of assembly time. Formulate the
problem as L.P. model to maximize the total profit to the company.

35 (A § 5 AS A ST (P iy g 8N B gl (B Gleddiey Py 9 Py Cal Ja 48,4 s
SIS A8 Hal) a3 gall (8§ 10 5 s B $ 20 AS il IS P Sas g o G ¢ Mgl B S 6
Pl & a JA8S A4S il Adlanll g Jaad) culdds édgﬁoﬂj cBaa) g 5 a8l Ailati) da g pdy ¢y )
15880 4303 8 Yol iy Bagana AS pdll Aaliy) A8l Baag/ § 60 P2 g3:9/$ 25
Ailaii) lagaa (e Ckpant + A puaa Glalil 4 38) § 35000 68 (s duay A Al gal GlS ¢
CBg (Aol 1400 9 AiSlall CBg e Aol 1600 558 JS B ASHal s gl ¢ LIl (Al
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(Product Mix Problem)

7- A manufacturing company has two plants, which produce and
supply two products X and Y. Each plant can work up to 15 hours
a day. In plant A, it takes 3 hours to prepare and pack 1,000 liters
of X and 2 hours to prepare and pack 1 ton of Y. In plant B, it
takes 2 hours to prepare and pack 1,000 liters of X and 2.5 hours to
prepare and pack 1 ton of Y. In plant A, it costs $ 20,000 to
prepare and pack 1,000 litres of X and $ 25,000 to prepare and
pack 1 ton of Y, whereas these costs are $ 22,000 and $ 23,000
respectively in plant B. The company wants to produce 12,000
litres of X and 10 tons of Y and wants to organize the production
S0 as to produce the products at minimum cost. Formulate this
problem as an L.P. model.

Aol 15 Aa Jary O pdan J8 083 Y 9 X Gt g ladhy Gladaas poieal 4S54 oo
Gl 1 Adaty ppaaildelu 2 9 X o Al 1000 Ay jpdaat (3 aken ¢ A phaaall b agd) b
S opaailldelu 2.5 9 X (e Al 1000 Aty Aoy (el paY) (§ i « B ghaaal) (2. Y (e
25,000 $ 5 X o A 1000 Aissg sy 20000 § Al ¢ A plaadl B (e b 1 dias
o A e 23000 $ 522000 $ A S o3a G aa (B <Y (e 2alg Gl At g ey
EUY U mBl 485 Y Ge gkl 10 5 X o0 18 12,000 gU) AS,dd) 35 B pladll

L.P zigais AS&all oda fua 4GNS Bl cilyiiall

(Product Mix Problem)

8- A truck company has $ 50 lakh to invest and is to choose among
three types of trucks A, B and C. Truck A has 12 tonne payload
and is expected to average 50 km per hour. It costs $ 80,000. Truck
B has a 20 tonne payload, is expected to average 45 km per hour
and costs $ 1,00,000. Truck C is a modified form of B. It has
sleeping space for the driver, which reduces its payload capacity to
17 tonne, while raising the cost to $ 1,20,000.

Truck A requires a crew of one man, and if driven on three shifts per day,
could run for an average of 20 hours a day. Trucks B and C require a crew of
two men each and if driven on three shifts per day, could be run for an
average of 19 hours and 22 hours respectively. The company has a fleet of
120 crewmen available to it. If the total number of trucks are not to exceed
40, how many trucks of each type should be purchased if the company wants
to maximize its capacity in tone km per day? Formulate the problem as L.P.
problem.
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Jail) Ui + G Juadl)

Define Transport Problem Jail) AlSda ciy a5 1-3

Its special case of L.P. it used to simplified calculation that we used in L.P. it
deals with the transportation of product available from several sources to number
of different destination each shipping sources has ascertain capacity and each
destination has certain requirement associate with certain cost of shipping from
the source destination the object is to minimize the cost of transportation with
meeting the requirement at the destination
8 B siall clavinall Ji5 AlSEa) Ja alag¥ aodiey g 4kl Al (e dals s o Jaill 73540
AalS Jl5 oo anglly Adama dplagivl A8l Al jauaa o) a8 g US55 a8l se B2 (A jalas ) Jalas 3ac
Adlidall ad) gall 8 illlall dga) al Jail)

o gl e de gana @llin ) oS5 Lavie Lis A5 o8 o (G.T. Stevens , shambling ) Sy
(o pbel ol Jil 1) (e 48 )k cilga 2o o Leay 55 ) gy sdlian sae

e pald g5 A Jull A o Y 8 (BEN L . Wechsler garye white house ) W
s ol el ) ddlise jilias (e 3 )50 sl 7 stie @y sE e g kil Wlle ) g dudadll da ) AlSa
Ghd\QAdhe@guScl¢¢HEJ;dﬁjgsqp;adugd&jd\QA&}N\&jiﬁﬁAﬁidﬁﬁm
ol & (chares W. Gross , Harish I. Verme ) _sius ( Transportation ) Jis s Al
e Lo J8 il (5585 Eumy LGl (40 de sema (g Jaill ) ddadl) apaty (3la Jail) JSLs
Al Ll Jal) Aaa o yad o LA (pe WiCay g Lpand ALaa ()65 o 283 ALY 25D Cay el
Slo Lo s ol )l sall e e game lia ()5S5 Lanie LS & 5 ddadll A ) OV e duals
o abel ol 26 Jil claladinY) e gane

JAi rdladl dalad) A8 lual) 2-3

:&J%ﬂi_ﬂé,l
P Y Ol aa) Ja) 3l 8 Cangd) Alls 22l

a=d o=

JJU”JQJ ::g:: ::g:: = i oY) dduall
1=J 1=y
a=d o=

dJudd&\) ::i::; ::3::; = 4w Al daall
1=J 1=
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LaSll L Jiaall ciladl 5 ( Demand ) calhall cillaas slasd Jsaall 0 AY) Cailall 85 ddasa
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bl A ) e
Laddiuall (3 k) e 22l 2a 53 ¢ Basic feasible solution ¢Sas (ubal Al Ja paad 2

Hleia L all 1agd
(North-West Corner Method) — Jlesll (S, 43y )l -
(The Least Cost Method) AalSs 8 48y yha -
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18000 7000 8000 3000 PRI
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7 x3000 + 3000x9 +5x5000 + 7 x 3000 + 6 x 1500 + 4 x 2500 = 4l<l) 4ait)
21000 + 27000 + 25000 + 21000 + 9000+ 10000 =
113000 =

A (Al oS 1) A%, plal A gall ALY

LA e teay cilaladial) e ol sall a5 ihaie el e Laldie] aae 45, 5kl o2 e iy
amy Sl Ja ) Jgeaslh () (55 ) ol sal )y ) (gas B ol el (SOl 8 dadl )
hiadl dadl) — ddaginall dAdadd) ) J gea sl A DUl shadll sae 50L 5 ) oo Lae JiaY1 Jall e
3 pes (Al ) 48 b 4 jlie — Lo G S g5 g ok JLaY) dall N Jsea sl of 6l -
LAY dall e — A8 Hhall 03 gz jaituaall JEY) Jall 0 STelld 5 — W S5

94



( The least cost method ) 4dlss Jaf 48y 4 2
Sle ) sall s vie Jlie Wl M 3 — o sl Jledll oS 1 48k — Wil (e Juadl i
el e ol sl w58 o g dall 8 Adagiua) Al — 46 Hhall o aladiuly — cilaladiny)
b &5 Al Jaad Al AN (e ledy leladin¥) e ol gall a )58 Cua | 4815
clalatiny) e o) sall 4S5 5 a5 i 138 5 yraall Cia e Ll
Sy dall e i) dall ) 8 oS Akl eda aladiuly g osadiudl Sy Jall
(A ) sl el (Sl 38 Hh aladiuly 7 Akl
Ay lall o3¢ aladinly siled) Jidll Ja L e

AR5 J8) 48y oy ¢z jASeeall ALY Ja) Jgaa

2500 |4 2500 | 6 2 1) b ¢ i
1500 |6 «d5000 1! ; (2) 8 s
/;’g%g 7 5 7 50001130000 (3) 2, 05k
%‘é% 8 @0000° @000y 7 @) &b, 13k
Z(m 8000 4 slhaal) cilpasl)
18000 %g“?? 3000 3000 (L)

8 x 3000 + 9 x 3000 +5x5000 + 1 x 3000 + 6 x 1500 + 4 x 2500 = 4.lsl) 44y
98000 =

AT J8) A8,k g

JSLaall s 3 aladia) dmaa Ll LaS i il 481N e V) lasy a8 &) Ll 45y Hhall ol ke
LIA 2ae Al oda A & 50 3 Glaladin¥l 5 2 ) gall Gllasa 23e 3 ) LalS Ly gmia ala 35 3l
4y Hhall o2 8 laladinl) e o) sall a5 55 8 aainall Gulisl) G LaS 0y 508 U8 g 5 Taga allay La
CadlSill 32l ) ) el oy A gas B Gl 13 sladie )5 A< J81 Jaad ) Aa Tad) s
S Y QU 3 5 Aaall 28 aa gl

95



A8ty J8) 48y b aladialy Al Jadl Jgaa

15 E 15 |16 (1) ad, 05
15 23 34 15 | (2) &, 05
30 15 15 clalgay)

(&8 Aan s LaS 5 Jaill 300 Callsal | alaigy) Jadl alag) 8 46lS5 81 48y Uit oSlef JU) 3
bl aae & S Adal) e dadl Tad) o3le | QU 8 Juadl) e (ISl (1630 ) st Jsaal
LaeSl) & o3 A 2 sandl e (AU Caial) adali die dad) gl Al 5 SV d el s J5Y) caall

C Sl Jsaall 8 i ge sa LS Jall ()6 dixie | il cpila as) ) Al

sas gl 4S5 x A gitall cila gl sae = Jaal 441 Adka)
34 x15 +8 x 15 =
630 =

A8l 38) 48y jh aladialy Al Jad) Jgaa

15 . e 15 (1) b 0jaa
15 |23 15 |34 Q) b (A
30 15 15 cilalgiay)

b Jall Jil A5 e B a5 )l (585) (s st odlel Jgaall b daia g LSy Jiill 1<) A8l

-Gl Jsasll
s Ca IS (8 dpa il oSl Hlie WL iAT ane g 46 yhall o3) dn gall s 1 SEBY) o
JJAQJS

Vogel's Approximation Method (VAM ) 4l Ja s 48,0 |1
Y1 dall ) Ul (sS Lealadinly 7 5aiua) YV ol Y @bl 0 phall (e Jumdl yiad
Moz el AN Jall (58 a8y il oy Hlall aladiuly = jadudd) IV dall e i
JS 3 4alS Al saa g sas s i3 HLaal) e Aaalill 5 ledll Hlicly 3290 a3 A3y k) o2 s il
o2 ludial a5 (Ana dll 44K ) praall Cus (e Ll Al A8l Jaill jlaal ()50 3500 5 (s

96



Jall Y Jsem gl i shad il (Says KD (yila o G asia) Bsbe e 55l
A i) 8 48 Hhall o3 aladiuly Sl

a8 5 agee JS (Al o (e Gfiad S8 O BA) o)
G S) Al o3 3 sl ol Caall il
o ia) 3 Al Caall i 5 gandl b A2SH 81 L ) Ada) s
ibhae ) (3) shall & W ojtaa) o5 il Al QG o) sall (e AiSae ApaS S) Sl
Led ALLEA alainy)
b odaiind g (4) 3shall b cldlie Gad a3 A dsendl o) Chall L) LDAN Gadsl 5
Al @l gladll
Clalazin¥) e o)l sall AS a5 65 oty s ALl il shaall 5 S 6
g ) Ja b Ayl Gild) Q) Ja Gl L s
A ALY O o8 43y b aldiudy (B3 Jgan

M\ Jaza Jara

AN -

Aaldl () sy @A

2500 ad ) A

250 > > e))

/1560 6 11 3 @i) s ; X
W) < O

a8, A
00 e o0 30 (3) 2122

s |8 ) ! ook |
00 7 300 300 S< 4)

o "
18000 3 g 9;2% 3000 tf:\f
2 1 i -
2 g N
3 e
| i _

97
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Vogel's approximation

The least cost

North — west corner
Method

Method
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A Jad) Gl g LSS 6-3

Test and improvement of the basic solution
Lad (sl 5 (i pha ALy g

Stepping stone method gl z Al 48y 5k 1
Modified distribution method Aaall g sil) 48y b 2

Stepping stone method ol gl Ak -1

giadll da b daxdicall ( simplex method ) Adawal) 48 Jhall Gkt 2

Gl ghad e dli €y g JAL JSLdad Galdd) JSA) e Wl 4Y) ae 4dadl)

—: AN BlAL) A 45y jhal) 338 aladiady Jad) 4l jLad)
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- Y
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) alaaial i) ek 1ade H LA JS e (2) 5( 1) @l shall Gulad -3
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Example 2:
Test optimality the following solution using stepping stone method

Solution :

D
) ) ) D
s1 8 . 5 6 . 120
15 10 12 80
S2 A g
s3 3 : 9 10 80
Demand 150 80 50 280
Al ‘_gu\ JLUAAM e\dilu\ JS\
3\.';)151\ 3.:';)@\ Al
Sl e
(1,2) [X(1,3)->X(2,3)->X(22)-> |5-6+12-10=1
X( 1,3)
(2,1) |X(2,3)->X(1,3)X(1,1)->X( |15-12+6-8=1
2,1)
(3,2) [X(1,1)->X(1,3)->X(23)-> |+9-3+8-
X(2,2) X(3,2) 6+12-10=10
3, 3P 1, X (LI (3 10-6+8-3=9

Jial Jadl old 1A A ga add LOAY) aladia) S5 o 9<t lailly

Modified distribution method aaall & 45y )k 2
- 1 A il ghadld) adii ALY Jad) Cppeat g JLAAY

LoD sae 0688 o amy b Jally sl 06 o Gaag 3 Alaiy) Jall e Sl (1

AN aal ) Caami €5 A 136 Y — see ¥ + Casiall aaal &y ghe (Al Lull)
G dal disail (E) el led e st oo xi jacall (e Ay 8 dad Jsaall 432 )l

(V) aidadagee JSIy (U)Wl Saidad cia S cauai (2

bl Ja

dgeall 85 () sl 85 (i) 2
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o gsd (V) s (Ui)adas) a3
A sac Wl (gadaty 4l A8 > A5 (4
el (vj+ui) ad =4l 4l JSIda8al) 48l
A 3ac @l (guadaiy de 8 Ada IS Jal) L0 2 Adus (5
Led CillEal (v +ui) - Liial) il = de i dda IS Jaall il
sand e A g Sl e Jall G i 1368 Al e 0 Y Jal Ll o el 13 (6
o Loy oty 415 i) a3l 208 e gy (3lae e s 3 Jad) Gl s Jall s (7
dn 5a BLaL el fay (
Ladd dulall LIAIL e (¢
G AY) Laaaal il Cuany Sluall e Ll 5 da sall il HLEY) (e (g
Al 3HLal Caxa g el = ka9 A g 3 LE1 Caaan g Ll A sl el il (3
L) Jall ) Jsma sl aly s AR < ghadld) | S5 (8

Example 3:
Test optimality by modified distribution method

U1=O
11 3 8

W?2 +1 80 40 120 U2:8
5 12 4

W3 50 80 130 Us=-4

+13
Demand 150 80 120 530
V1i=2 V2=-5 V3=0

1- Cisiuall 2o + 3aaeY) ate = (Ailal) ) ) DAY 23 oY sl Ja)
M+N-1
3+3-1=5
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5=5
(i 45 LA LAY e ) gilal) gl )
D12=5-(0+(-5))=+10
DI3=1-(0+0)=+1
D21=11-(8+2)=+1
D32=12-(4+(-5))=+13
da 50 D b e Y Jidl Ja
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Handling special situations

Laldl) eyl dallea 7-3

Unbalanced Model zisaill & ¢ sill ase Aa -1

s s Y 5 siall LAl (g) cilaladia¥) (5 s Y 2] pall ¢S Latie AIAL) 634 Caaas
dalall s g ot g gee g 0 g Clia Coual Mdie AlaliaY)

ALY ALY LS

Example 4 :

Determine the initial solution and the transportation cost from the follow

data using:
a. North west corner method.
b. The least cost method.
The Vogel's approximation method.

c. The Vogel's approximation method.

P1 90 90 100 100 200
P2 50 70 130 85 100
300
Demand 75 100 100 30
305
Solution

Thus, supply and demand are not blanced

(305 hall 5300 L)) llall g ()] s e (s
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AgiaY) Sl R GRS (555 i) allall Al sl (a5 ydecms Jiag (a5 hua iy
ide g Jall Jpn ol alivs 3 0 o8 Lo 2 5a 5¥ daad 5 Slal AuaSll Y jieall 4 slase (5) 385

s Y ISl Jall Jsas o sSom

Table (1)
= 4 PP
P1 90 90 100 100 200
P2 50 70 130 85 100
0 0 0 0
Dummy 5
Demand 75 100 100 30 305
305

Table (2)

a. Initial solution by using north west corner method

90 90 100 100
P1 75 100 25 S< /255/
» B 70 130 85 160
X >e 75 25 /25/
0 0 0 0
Dummy 5 /S/
> > >

104

Total cost = 75*%90 + 100*90 + 25*100 + 75*130 + 25*85 + 5*0 = 30125



b. [Initial solution by using the least cost method

920 % 100 100 00
Pl S< 70 100 30 )/.:530/0/
70 130 85 1
P2 S0 . " o< Se éoo/(
Dummy :0 5 ; X ’ X ; X /S/
Demand éf(}s/ }‘/;0/0/ /1'06 95)/ N 5

Total cost = 90*70 + 100*100 + 100*30 + 50*70 + 30*70 + 5*0
= 24900

c. Initial solution by using Vogel's approximation method
L 8 Ja 58 48y Hhay Ja)

90 90 100 100

Aos
/5/

50 70 130 85 /}0/0
P2 2 20 20 15 15
75 >< >< 25 /

0 0 0 0
e Foe P @se | <~ |0 m 71
ol | | %,/;'ﬁ /Z’} s

50 70 00 85

il 20 30 15

. 20 3 15

i 20 T 15

Total cost = 100*90 + 100*95 + 100*5 + 50*75 + 85*25 + 5*0
=9000 + 9500 + 500 + 3750 + 2125
= 24875
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Degeneracy Syl dlla -2
Jall )l ) 1 — 3:e ¥l 2e + G ghiall 2o (o B 36 slaadl LIAL 23 () 6<5 Alal) 020 3
Ja GV aligad A e o et sl gl ) Jall 8 Allad) o3 iaad 8y bl e
(E ) 3al ) S 5 ¢osbinl (oo Al o3 G2 Jall UDAT 3a) ) 2 Bkl gl
AUlall 038 e g Allia) b laid 5 A8l @l ghadll adde (adat 5 culal Ja () Jall J ey Mnie

Example 5 :
Test the following solution and determine the optimal cost?

s1 |8 0 50 120
10 12
15
S2 30 80
s3 |3 g0 | 10 80
Demand 150 80 50 280
Solution

10 12
s2 |13 % E 80 U,=6
s | E» |’ 10 80 | Us=-5
Demand 150 80 50 280
V1=8 V2=4  V3=6
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4 = dplaY) WA 2 (Y ulal ye JS)
5=1-3+4+3=1-sall dac + 32V 22

oS Jiall cpa iy RS Ailial Gy o Aol B8 ) Ao ) LAY a) Jpa
el da (AN dall o 2l (E) el Wed e s Epsilon ¢ st

Al e LIAN e 4l K 5 35

D12=5-(4+0)=+1

D21 =15-(6+8) = +1
D23 =12 - (6+6)=0
D32=9-(4-5 =10
D33=10-(6-5)=9
The solution is optimum the total cost = 8*70 + 6*50 + 10*80 + 80*3
=560 + 300 + 800 +240
= 1900
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Example 6 :
Test optimality the following solution by using modifies distribution
method

Table (1)
8 4 3 14
B 10 70 50 120
8 10 7 9 14
C 100 40 10 150
10 4 0 1 14
D 7 70
9 6 7 6 14
E 90 90
Demand 100 200 120 80 10 510
~ Solution

(m)u_'ejé..al\aqs+(n)$m‘>{\ms_1:5+5_1:9
8 = (Auldll ) Al LAY 2ae
b WS g dnalal Al ) Al e BIAN aa) Jy xS E (G sl Caual 1A
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Table (2)

D11=8-(0+5)=3
D12=8_(2+5)=1

D13=3-(-245)=0
D14 =14 (6+5) =3
D21=10- (6+0) =4
D24 =3 (-5+6) = 2
D25 =14 — (6+6) =2
EEIS= 7 JEZES) = 1
D34=9—(-5+8)=6
D41=10-(0+2) =8

DA2=4-(2+42)=0

Da4=1_(-5+2) =4

109

A 80
3 o E 80 +3
10 8 4 14
B 70 50 120
+4 +2 +2
8 10 7 14
C 40 150
100 +1 +6 10
10 4 0 14
D 70 70
+8 0 +4 +6
9 6 7 14
E 90 90
+35 +5 +7 +4
Demand 100 200 120 80 10 510
V1=O V2:2 V3: 2 V4: 5 V5:6

Ul=5

U2:6

U3=8

U4=2

U5=4



D45=14— (6+2) = 6
D51=9—(0+4) =5
D53 =7 (-2+4) =5
D54 =6 (-5+4) =7
D55 = 14 — (4+6) = 4

The solution is optimum

The Total Cost=100*8+70*8+40*10+90*6+50*4+70*0
+80*0+10*14

=800 + 560 + 400 + 540 + 200 + 140

= 2640

Example 7 :
Determine the optimal solution from the following solution so as to

minimize the total cost

Table (1)

Solution

1
J 4 s 100
21 18 6
S 1545 o 300
11 14 15 )5
T 100 100 200
Demand 150 100 200 150 600

M+n-1=4+3-1=6

5 = (Al ) Al LA axe

el LAl as) 1 (E) A8l ool da (I A sas o) e Jal)
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J - 100
+20 +5 +31
15 21 18 6
E 150
S = N 300
+3 -1
11 14 15 22
T + - | +20 200
E 100 100
Demand | 150 100 | 200 150 600

V1='1 V2=2 V3=3 V4='10
Table (2)

D11=19-(0-1)=20
B2 = 7 —fat0) = 8
D21=15-(16+(-1))=0
D22=21-(16+2)=3
D23=18-(3+16)=-1
D31=11-(-1+12)=0
D34 =22-(-10+12) =20

No optimum solution so we must improvement
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u1=0

U2=16

U3:12



Table (3)

J 100 100 u1=0
+20 +8 +31
21 18 6
s |8 300 | Us=15
50 3 100 150
11 14 15 22
T 100 100 200 U;=11
Demand | 150 100 200 150 600

V=0 V,=3 V3=3 V,=-9
D11 =19 - (0+0) = +19
D12 =7 (3+0) = +4
D14 =21 — (-9+0) = +30

D22 =21-(15+3) = +3

D33=15-(3+11) =+1

D34 =22 —(-9+11) = +20
The solution in (table 2) is optimum
The optimum cost = 100*3 + 50*15 + 100*18 + 6*150 + 11*100 +
14*100 = 6250
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Maximization agfiill s - 3

4 ghiae ) A8 shiadll Jysad ol 2L V) arkies Caagll 5~ ) i slasall clilad) o S Als b
8 ALl < shaall 5 (5 5kl o Ll 255 JLEY1 Jlad) pe asil) aras (0 dad S) sl oIS
Sy ol O aslilly 5 2L W) i) die Y1 A sdiadl) ) g s )l ae JaY1 Jad) sl
OOV 5N (ad angy (S el

Example 8 :
Following is profit Matrix and required:

A : Determine initial solution by vogels mothod
B : Detemine optimum solution

Table (1)
Demand
1 11
B 4 ° 0 120
6 4 7 5
C 150
D 4 10 14 13 70
E 8 8 7 8 90
Supply 100 200 120 80 510
500
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JSalL 3 saill ranad (10 ) a8 das 5 A0S (g 5ind o8 5 3 gee A8laly (315 383 ]
SR

Table (2)

Demand | Supply

A 80
4 6 10 11 0
B 120
6 4 7 5 0
C 150
D 4 10 14 13 0 70
E 8 8 7 8 0 90
Demand 100 200 120 80 10 510

5 ST o e dad S (pe CSI pran -yl (ST A5 23 g ) g dsall J i 2
Y Il ) Al a8 48y pasi 5 (14) 2RI
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Table (3)

8 s 3 0 14
A ><>< >< 0 80 (B _ _
10 8 4 3 14 /12’6
Bl < @ E@P ><>< | o |Ltit1 2 -
s |10 7_—19 T4 0
C , ;11640 1.1 1/1] 2
10 >X < 0 7100
10 4 0 1 14
Dl < @< < | T |1t - -
6 6 7 6 14
E 0 Se Se |S¢ 90 |1 1 0
>< 5
100
Demand M /]Z( ;20//80/
510
407 507 10
2 2 (3 1 .
2 2 4 2 0
2 ngys -
2 P — — 0

Baacl e + (M) Csdall e 5 (8) Audall WAL 2ae ) S sl pe oBle) Jall

=1-(n)
9=1-5+5
(d)s(V)s(U)adzoaiuad( Epsilon) sl (e iy 84S dlal e Y 1A
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Table (4)

+7 +5 +4 | +17
10 8 4 3 14
B 70 50 120 Uy,=-2
+4 - =+ WO 2
8 10 7 9 ! 14
C 100 40 /:/ /i/ 10 150 U3=0
e | 1+ 4
10 4 O 1) 14
D / 7 / 70 PNL=-
+8 0 4----- -- @8 +11
9 6 7 6 14
E 90 90 Us=-4
+o +5 +3 +4
Supply 100 200 120 80 10 510
V,=8  V,=10 V,=6 V,=7 V=14

ler et 5 024 Adall Tay Gleadad juall an 5 1A 4 (d24 ) Y Jiel e o3le) Jad)
LaS agaal Jadl ) €0 130 Al 5 5L Dlals jlosall Lgy oy DS B LY ) E (& Jiis il sl
.(Table 5)
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Table ( 5)

Dummy  Supply

117

+5 +3 +2 ‘ +5
10 8 4 14
B ” - - 120
+4 +2
8 10 7 14
C g 150
O o e @D
10 4 0 1 14
D ﬁ 70
+8 0 + +2 +6
9 6 7 14
E B .
+o +5 +5 +4
Supply 100 200 120 80 10 510
V1:8 V2:10 V3:4 V4:3 V5:12

U2:0

U3=2

U,=4



S Jad ali]

1-Two drug companies have invertories of 1.1 and 0.9
million doses of a particular flu vaccine and anepideinie of
the flu seems imminent in three cities since the flu could
be fatal to senior citizens it is imperative that they be
vaccinated first ; others will be vaccinated on a first-come-
first-served basis while the vaccine supply lasts the
amounts of vaccine ( in millions of doses )each city
estimates it could administer are as follow:

City 1 city 2 city 3
To Elders 0.325 0.260 0.195
To Others 0.750 0.800 0.650

The shipping cost (in cents per dose ) between drug companies and

cities are as follows :

City 1 city 2 city 3
Company 1 3 3 6
Company 2 1 4 7/

Determine a minimum — cost shipping schedule which will provide

each city whit at least enough vacelne care for its senior citizens ( hint
:divide each city into two destinations senior citizens and other . create a
dummy source .make the shipping cost from the dummy to the senior —
citizen destinations prohiblilvely high , effectively guaranteeing no
shipments along those links)
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2-

Prove that if the costs in any row or any column of a transportation

tableau are uniformly reduced by that same number (positive or negative ) .
then the resultant problem has the same optimal solution as that original
problem

3-

A regional airline can buy its jet fuel from any one of three vendors

the airline’s needs for the upcoming month at each of the three airports it
serves are 100000 gal at airport 1, 180000 gal at airport 2, and 360000 gal
at airport 3, each vendor can supply fuel to each airport at a price ( in cents
per gallon ) given by the following schedule :

Airport 1 Airport 2

Airport 3
Vendor 1 92 89 90
Vendor 2 91 91 95
Vendor 3 87 90 92

Each Vendor , however, is limited in the total number of
gallons it can provide during any one month . these
capacities are 320000 gal for Vendor 1, 270000 gal for
Vendor 2, and 190000 gal for Vendor 3, determine a
purchasing police that will supply the airline’s
requirements at each airport at minimum total cost .
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4-

A baking from can produce bread in either of its two

plants, as follows:

Plant Production capacity | Production Cost € / loaf
loves
A 2500 23
B 2100 25

Four restaurant chains are willing to purchase their ; demands and the

prices they are willing to pay are as follows :

Chain maximum capacity Price offered Cost €/
loves loaf
1 1800 39
2 2300 37
3 550 40
4 1750 36

The cost ( in cents ) of shipping a loaf from a plant to a restaurant
chine is given in the following table :

Chain 1 Chain 2 Chain 3
Chain4
Plant A 6 11
Plant B 9
12 8
5

Determine a delivery schedule for the baking from that will maximize

profit from bread
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A1) Jucadl
LS
apadil) LS

Ll 1- 4

Danaddll z3 el Hlall JSal1 2 4
Uanadill 73 geil L) a4l 3- 4
panadill JSlik Ja (9, 4- 4

A bl 4,k ] -4 -4
Gaaiill 7 galidialal) eiall 5=y
glo¥l mbai] -5 -4

& siaall (auadill 5 o)l ae 2 -5 -4
& Jead Al 6 — 4
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Assignment problem gasediil) A<éa

dadidl) 1-4

Assignment problem is particular case of transportation problem where the
objective is to Assign a number of resources to equal number of activities. So as
to minimize total cost or to Maximize total profit.

3y5a JS) 3aly Alainl Ganaddy i oA s Jiill JSLia (e dals Ala (Guaill) Ganadd) 1K

Saie 5 3 gl Sae J8I ALK HaIKEY o S5 Cuny
o panadill 13l Wl b el 3 )) gl pavadd e Ll )8 a3 )laY) seleS (uld jules a8l
Ay yo A ghiany (avaddl) A JAid by callSall JalaT 8 ateaload la) p¥) (e ulSail 5 253 30
S e Y g (Al 8) b ghially o puatiall 3 ) gall Jiad Cua (Baac V) 222l (5 b o giiall 2xe)
Al JS 8 gl Ganadd o) aladinl CallSs Jid ed A8 shoadll a8l Jici 5 aleall ) cilalazinyl

94*4533\ G..:\g.q.'d alad) (<2l 2-4

| panadd e iy Cua 4l n 22 e (dee o) dale) m e panadsd o ASE o) (a8l
d\-&y‘uaamiﬁﬁt—'ﬁeibCijm\ (N, . —— ,2,1)]&9(”1, ............. ,2,1)
—r ) aladl LISty anadl) A1 22l 5 A8ISH o) 3y Ly (AU a5 dee) YY) e

Jobs
1 2 R 0 ooooco T Y n a; Supp'y
1 C11 C12 ............... Cln
Facilities
2 C21 C22 ................ C2n
M Cpmy Ciz  eevevvnnenen, Crn
Demand b;
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gamaddl) 7] gall Lpula) ciluda A 3-4

48 s0nall o) (o) BaaeY) 23 (5 gl B giiall 2o (g) GlalaATLY) 2o xa 3 ) gall 2o (gl (]
. A e alSGall Al

:JBA o Ao aal g dae (5 o Jals o) dale (Y (S (g1 2 90 ST 2 g aladinl Gl 2

dbd;‘:[\iuu\.p Lf‘ [ RRE W Q_Q.\S\Sﬂ\ 3

Al e 4

oanaddl) JSldia da (3 b 4-4

Complete Enumeration Ja\&ll axll 3 )l 1
.Hungarian Method 4 taiell 4g, )kl 2
.Linear programming Method d:ball dss nll 43 )l 3

a8 45y Hhall 33 aldic) g 7 85K Cogas 13 Te g0l SV 5 CansY) 8 4y jlaigd) 48y Hhall e
aadl)

Hungarian Method 4y jladell A&y jhal) 144

ziaill Ja b Lgiuhs < gha L ey dpanadill 3l Jal okl Juail 4 jlaigll 48 Jhll a3
e

. oanadill Jgas dlael 1

2e g Chgiiall 2 ‘t.gi Glaladiuy) dae (g g 3yl gall 2ae) ) gl (Ga8aS (e < 2
Coall (ol (65 (Aalall cuun ) b 5 3 gee 5l Cia Capal ) 3 5il) ae Alls 8 (520 Y)
Ol a4 jhia o iliaall 3 sanll

&) A8 ghadl Joas Naied 48 ghaall 8 Blane ZLl asdaad Cargdl OIS 138 Caagll (e ST 3
Adghiadl Adad LSl e alll pen ok elly g (RIS Ad s

ol o aras e Cia S i dad 8~ k) 4

A sanll o aren (30 3 gae JS 8 dad 8 k)

4y gse o shall sae (S 1 4 el 4l aes s Al el o ghadll (e 2e B an ) L6
Naie &y glue pe Gl 1A L (7) a3 3 gladll Jai) (baae W) 23 (g gl ll 5) 8 siall daal
Lo ghadl) adalis Lals ) dal) s Caial g slarall 3 adil) paan (e Blhze e A Ji -kl
Cogiiall 2del (5 e dagiiiaall Jagladll aae ) Jiagill oy s 3 gladll oda 5 S5 Aagiisll
el Jall 5 & Nvie 3aee )

Lia 5 43 jhm ol HaY) Joaall (A panadill CallSs () 5S5 Cuny dgee JS L Cla S (aad ]
s ohle Ble ) e g

n
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Baal 54 jiia dad (5 sa A Cauall gl 3 ganlly (anadill a3
.(M)Jﬁgyg;)odj\y" 'éﬁ\@aﬂ\}awr\_})@\ﬁmd.};\ b
@Jﬂ\d\.aﬁ\uz\;l(ej(dJ Glghall ) S ¢

dadl i (LAY Jsaall ) 4 jhea a8 W )28 CallSiy clalaainV) e o) sall o ys5 35 1318
il Ja gl
g o o Jial) (Bl JsY) dsaall plasind 455k e ad JiaY) da) 4S5 9
Al il 1) Bl ZLY1 5l Calls A A clS 13 Bl Cadlsall Jiaal caial
(2 e

Example 1: Find Assignment which yield minimum cost from the following

Programmers
1 2 3
A 120 100 80
Programmers | B 80 90 110
C 110 140 120
: Jadl @ ghad
adad Ay glewa J) gaal) 138 A BaacY) 230) BaasY) Ao (g gbud i ghal) d3e ) e a8 ]
(i sl
Table (2) (2 Adsbuaal) mild Cia JS B dad JB) ¢ ki 2
Table (1)
b Aad 8
1 2 3 Gl
A 120 100 80 80
B 80 90 110 80
110 140 120 110
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Table (2)

1 2 3

A 40 20 0

B O 10 30

c O 30 10

apas JS BAad gl 0 10 0

: (Table 3) ziid 3 ganll ad o (Table 2) b 48 saal) 3g9ae IS b dad B £ ki 3

Table (3)
1 2 3
A 40 10 0
B O 0 30
c O 20 10

i guall (5 glsa daad) (S 1M 4y jiual) addl) i Al dagiial) Jagladd) (pa 230 JB) ani i 4
JEaY Jadl @

3 =s2e V) g Cogaiall 2aal 4 glice Aadiieall Ja ghadll g e 220 J8) Y Jial o3l Ja)
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s Suaa AY) Jgaad) (B anaddl) ABIST (58 duag aladid JS1 3)9e S gamaddy a5
d ol Lo gLl quan el g8l jdall

(a5 ) B3l s A jhen dad 48 (531 3 sanll 5 Caall (g panadill fas ]

panadi ) SV () Gasadill 4 a3 Al el o) Chall 84 gl adll Cadas o
(el ) 2 sanll

Claladia¥) e ol sall 4lS oy 555 %y a1l shaal) 5 S5 2

1 2 3

A- B e D -
B R B e 30--
C- @ R 16---

Jo¥) Joaadl (8 Lpamads Al LSIAL 5 jllial) CAdSl) £ gana & el (asaeddl) AU 6
Optimum cost =80 + 90 + 110 = 280

Example 2:

A department has five employees with five jobs to be performed. the time (in
hours) each men will take to be perform job is given in following effectiveness
matrix employee how should the jobs allocated one per employee so as to
minimize the total man hours

(2) (3) (4) (5)

A i 5 13 15 16
= 3 9 18 13 6
o 10 7 2 2 2
N 7 11 9 7 12
= 7 9 10 4 12
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:dad) &l ghad

dad JB) 7 jhas faui 1A glaia ) o o<l g BaaeY) d3e = Cighuall de (5) ()51 sl Aga g (e ASLE (1

m o0 w>

mooOw>

i shall ¢y Lina S

(2) o> U it all pualie (o Ciua IS (B A0 JBl ¢ ki

Tahle (1)
(1) (2) (3)
10 5 13
3 9 18
10 7 2
7 11 9
7 9 10
Table (2)
B =B B
) 0 8
0 6 15
8 J) 0
0 4 2
3 5 6
0 0 0

ek
(4)  (5) s
15 16 5
13 6 3
2 2 2
7 12 7
4 12 4
(4P(5 )
10 11
10 3
0 0
0 5
0 8
0 0

a3 B angig oA LaS Adghiaal) LB 1A Jia 3 gas S dad B Table (2) 2 4dsiaall & (2
4 all addl) aran Jard Al dagiiial) Ja ghdll ¢

Table (3)
o & (¥
b0 8
6 6 15
Gommmmmm oo &
6 4 2
3 5 6
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16 3
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6 sl &y il 2l Jlaxs ) Al T shadll (e dae B () ety Table (3) odel Jsaall
A8 3 ghadll ) Jai 1M Jia) pee Jall Gl 1A o ghiall dae (g0 (JB) 8 5 4

o A o) adll) ) Lgdudaig SUarall & adll) aran e (2 (s gbed) BUara & dad JB) £ ki (3
Table (4) N Jgadl Wl it G ghiall adalds

Table (3)
sy (B (3 (4im(5)
R S
@ s o o
o1 80 2 @
oA 4 @ 2
=y s 4 @ ¢

1A ghal) atad & glose 4y jinall all a4l o ghadl) aas
JiaY) Jadl olé

Optimum cost( Ll ddlitl)=5+3+2+9+4=23

128



Example 3:

four different jobs can be done on four different machines. the set-up and
take down time costs are assumed to be prohibitively high for changeovers

the matrix below gives the cost of producing job | on machines

Machines

J1 5 7 11 6
J2 8 5 9 6
J3 4 7 10 7
J4 10 4 8 3

How should the jobs be assigned to the various machine so that the total cost

IS minimized?

sdad) < glad

(8 Blanal) i) Adaiil Chall g 4551 sia 48 ghiaal) Sl g Jlasi day i oilsa day )i lllia (1
LY e Jlee ¥ Sladly Aalddl 5 ) e

(Table 2) giid chual) af gran (0o ciua S & dad JB1 7 ki (2

Table (1)
J1 5 7 11 6
J2 8 5 9 6
J3 4 7 10 7
J4 10 4 8 3
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Table (2)

M, M \Y/ \Y/

J 0 2 6 1

. 3 0 4 1

Js 0 3 6 3

3, 7 1 5 0

2ga8 JS b Aad B 0 0 4 0

(Table 3) gl 3 ganl) ad pran (0 3508 JS B dad JBI 7 ki (3

Table (3)

1 1
—t b LS s A jheal) agil) kAl Aaiieal) b ghadl) (ha a8 JB) ana s (4

(@)

Table (4)

cigiuall 3o cpa Bl A 9 (3) A sdeal) dagll) ok A dagiicial) Jaghdld) (e dae J8) o) BadU (5
(4) Ay
Jiad e Jall a1
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ablE 8 Aadl ) AL Lgdpiaig slakall e aiil) paen (ge (1) Blare e dad JBl & ks
) s o s LS s A sl aill axs ) dagiicel) o shadl) (e a0 81 s i 5 dagiiosal) Lo gladl

( Table 5
Table (5)
M1 M2 M3 M4
J1 0 1 1 0
J2 | g = o MR ik
J3 0 2 1 2
34 8 1 1 D

) s Juaaid (5) Jaghdll [ <5 1M G jduall s (e J8) J) 53 Aagiinal) Jaghdd) cpe 2e B (6
(Table 6
Table (6)

M1 M2 \ !
i i i ;
2 s | @ | a:»
33 @ 1 v | 2
M N

Jial Ja Jgaall b 2,10 Jal
i siaall 0 &y shosa B jiaall aill s Sl dagfial) o gladll a2e Y

The optimal cost =4 +5+ 11 + 3
=23
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pamaddl) miladl Lol eyl 54
cly ﬁhﬂi 1-5-4

Example 4:
Find the assignment which yield maximum profit from flowing data

(2) (3) (4)
42 3 28 21
30 25 20 15
30 25 20 15
24 20 16 12

OO W >

Solution

Converte maximization problem in to minimization problem by subtracting
from the highest element all the elements

la )35 4 e b (e 3 saill L3305 50 2l aen 7 5k (33 5k e 4z s (N 23 saill J g

D Lo s (42)
Table (1) i JS e g
(1) (2) 3) (4) g
A 0 7 14 21 0
B 12 17 22 27 12
© 12 17 22 27 12
D 18 22 26 30 18

e J8 & sl o (o) W S5 A8l il shadll iy dne Jaloi A4S 23 g ) J s oDle ] 3 gl
(Table 2) zivd aall af pren (o Cia K (8
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Table (2)

(1) (2) (3) (4)
A 0 7 14 21
B 0 5 10 15
© 0 5 10 15
D 0 4 8 12
0 4 8 ases S Adad )

(Table 3) ziud (Table 2) (o 25ee JS (5 dad Sl 7 ks

Table (3)
(1) (2) 3) (4)
A 0 3 6 9
B 0 1 2 3
€ 0 1 2 3
D “9---------- B---------- L 0-

A o ghall aae e J8 4y il adll Jard Al degiall b ghal) e 2e i (Table 3) dsaall
Logiivuall b shaall akaldi Lalés ) Lgdncaig (1) slhasall ye all aras (0 Slhara ye A 8 & sk
-t o LS s dagiinuall Ja ghadll (e 230 81 Lgle a 53 (5 A0 48 shna ind

Table (4)

O - = O

dall sk ) S5 1A G siuall (5 5t ¥ oMol 4 siiadll 8 ol Lo shall
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Table (5)

SR CRLS ST < 20
-1 N
OO -
O

o siall el 4 lose 4y jiuall atl) axd ) daivall b ghall axe () <1 il Jal)

= J ¥ sl 8 daaddl adll s laliall o Bl £l YY)
42 25+20+12 = 99

: & 5iaall paradll) g () il axe 2-5-4
Coa ALl Giai (315 ase Ll 00 (o) & shose e giaal anadill LS5 o (s Alall o3a b

Example 5:

Four new machines M;, M,, M3 and M, are to be installed in a machine shop.
There are five vacant place A, B, C, D and E available. Because of limited
space, machine M, cannot be placed at A. The assignment cost of machine (1)
to place (J) is shown below

A B C D E
M1l 4 6 10 3) 6
M2 7 4 — 5 4
M3 — 6 9 6 2
M4 9 3 7 2 3

Find the optimal assignment Schedule.
@ B ELE (Sl dusad lia g, chlSall jaia B gl 3 0 My, My, M3, My 2 GilSa day )

Gl (Saiy C Olsall (2 M, ASlall cunlls e | GlSall dpagaa quans A, B, C, D, E
s Y Jgdad) Az de LaS (Lgdiaglil) ABSadU ilSal) (anadd CillSs A olSall A M Adslall
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A B C D E
M1l 4 6 10 5 6
M2 7 4 — 5 4
M3 — 6 9 6 2
M4 9 3 7 2 3

Ji¥) pamadill Jgaa aa )

sJadl @ ghad

ol LaS g () s (BBl et g i el (1

(Table1)
A B C D E
MUgEEe D
N2 6 _9 6 2
M3 9_ 3 7 2 3
M4

Dummy 0 0 0 0 0

A b Mg A8l cants 435180 paly C (b M, AsSlal) cunsts 4i1Sa) atal i (2
(3) Josad) i Cial) ad (ha hia JS 8 dad JB) £ skl & 00 ol A4IS o) (i il

(Table 2)
A B ¢ »p cHESSET
Mi 4 6 10 5 6 4
Mo 7 4 w5 4 4
M3 © 6 9 6 2 2
M4 9 3 7 2 3 2
Dummy O 0 0 0 0 0
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( Table 3)

A B C D E
M1 © 2 6 1 2
M2 3 0 00 1 0
M3 4 7 4 0
M4 7 il 5 0 1
Dummy O 0 0 0 0
asill ari ) Laind) baghall e dde JB auy 10 i dgee JS 8 ded B oS0 lailly
(4) sl 4y sl
(Table 4)
A B C D E
M1 @ 2 6 1 2
vz 2 @ 1 X
Ms ® & T 4@
M4 7 1 5 0 1
Dummy ~@°-----* 0~ ----¢ 0----- - -

Jia) Jall 3 32ae Y e = Casaiall dae = Al b ghdll aae o) La
Optimal Total cost=4+4+2+2

=12
Example 6:
A small work shop has five workers making five different types of chairs All
the five workers are capable of making all the five type of chairs. The output
per day workers and the profit for each type of chairs are given below
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Workers

mooO @™ >

Profit per Chairs

1

N SN X A~

2

2

co O1 01 © ©

3

Chairs

co N o1

O 0O O U

(o)

e Which type of chairs should be assigned to worker in order to Maximize

profit

sdad) < ghad

Sl X Adghaall b oa i gl pUN) 4iaS Gl Bk oo gL Abghaa ALl (]

Workers

mooO @ >

Il

%2
4*2
8*2
6>2
7*2

9*3
9*3
O
O
8*3

Table (2)
Chairs

3

4*2
5*2
2%2
8*2
10*2
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8*3
7*3
9*3
10*3
9*3

;i (2) Basl gl

6*4
8*4
8*4
10*4
9*4



Table (2)

Chairs
Workers 1 2 3 4 5
A 14 27 8 24 24
B 8 27 10 21 32
C 16 15 4 27 32
D 12 15 16 30 40
E 14 24 20 27 36

Jeaid (40) ddgianll B dad S e ailll puan 7ok CiISE dBghiaa ) ddghaall Joad 2
@M\&\M\@ﬁjdﬂ&ﬁwuﬂ:@w\
Cia JS 8 dad 8l 7 lay T

Table (3)
Workers 1 2 3 4 5
A 26 13 32 16 16 13
B 32 13 30 19 8 8
© 24 25 36 13 8 8
D 28 25 24 10 0 0
E 26 16 20 13 4 4
agae S L3 da JBl o ki
Table (4)
Workers 1 2 3 4 5
A 13 0 19 3 3
B 24 5 22 11 0
C 16 17 28 5 0
D 28 25 24 10 0
E 22 12 16 9 0
13 0 16 3 0
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Table (5)

Workers 1 2 3 4 5
A e - Goees 3--
B 11 5 6 8 0
C 3 17 12 2 0
D 15 25 8 7 0
E el e Blmmes B 0-

o 1M Gighuall dae (e JB) A g AN Ay jiuall addl) Jadd L) Aagiiall Jagladd) (e 23c B 3
bighil) adalii 8 dadlgl) addll N Lgduiig SUarall 1€ adll) aian (pe BUara p dad B
(2) ltia B Slaia & dad 8] dagiinial)

Table (6)
Workers 1 2 3 4 5
A e . e Gommeee 5
B 9 3 4 6 0
C R 1510 Q-
D 13 23 6 5 0
E e L Q-------- 6-------- 2-

1A Baae Y1 a3ad 4 glisall Castiall aae e JBT 4y il adll laxd il dagiisa) Do ghadll aae <l 3Y
LAY 4 shiad) 008 (3) & Blhre e dad i 7 jha ) S

Workers 1 2 3 4 5
A @ B3 e 8--
B 64 -t S — -
© R SR 1510 £ 0 3-
D 10 20 3 2 0
E e 12----- 4 - 6-------- B -
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3lac V) 22e = (o aall dae = dasiadl b ghadll 2ae Y Jia) Jal)
sl (8 dise LS Gapasdl)
Total profit =14 + 27 + 27 + 40 + 20 = 128

Example?:

A city corporation has decided carry out road repairs on main four arteries
of the city. The government has agreed to make a special grant of Rs. 50
thousaud ID towards the cost with a condition that the repairs be done at the
lowest cost and quickest time. If the conditions warrant, a supplementary
token grant will also be considered favorably. The corporation has floated
tenders and five contractors have sent in their bids. In order to expedite work,
one road will be awarded to only one contractor.

(1S T gSal) il g um Aaall dpuad 1) o 81 A ) (3 Al e 513 sl (ulna 8
£ sl 9 sl J3Ly bl Jlas ) Al o Ja i e g Cidlil) Adasil (i) 50 flias Aald daia agals
Caa gl B g | Al 4y Ja ) Aadal) Ci e o 488) gal) alad 450 e i g Al LS 13) g g

Ol glall (pa uad (s g e JLEA oty g dusBlial)

Jand) g i Jal (e gl JS1 a9 (33 sha eia alla g

I:el RZ R3 R4

C, 9 14 19 15
C, 7 17 20 19
Cs 9 18 21 18

C, 10 12 18 19
o 15 21 16

(a) Find the best way of assigning the repair work to the contractors and the
costs.

(b) If it is necessary to seek supplementary grants, what should be the
amount sought?

(c) Which of the five contractors will be unsuccessful in his bid?
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L Ol e dluall Jlas ) g Caadlsil) a5 it A8 b Gudl e Gial( @
?QJM\&AS\JAM,M@A‘;‘GJMM\éJJ)'A!\C}AQlS\M(b
,uﬁémw\ij\mcg‘(c

Solution: -

(a) The given cost matrix is not balanced; add one dummy column (road,
R5,) with a zero cost in that column . The cost matrix So obtained is
given in Table 14.50.

4alh (R5 Gkl ) Taa) g Trad g 13 gas ABL) oy, 45 5) gia & Slaial) 441 48 ghiaa 3 Jall
_:‘AMJJ‘M“;J&A

R, R, R3 R4 Rs ( Dummy )
Ci 9 14 19 15 0
C, 7 17 20 19 0
Cs 9 18 21 18 0
Cy4 10 12 18 19 0
Cs 10 15 21 16 0

Apply the Hungarian method to solve this problem. This is left as an
exercise for the reader. An optimal assignment is shown in following
table .

e [ N R SRR
C:. t-"i1-@ X 1L

C, d 5 2 5 2
Cs q 4 1 2 a
C, -3---4-9----5----%-

Cs -4----- 1----1-- -0 - -H-
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The total minimum cost (in $ ) and optimal assignment made are as

follows:
- o LS JaY) Ganadil) g (Y ally ) AR oY) aad) Mlea) il aly
v”ﬁ: Road : Rl R2 R3 R4 RS
”m Contractor : C2 C4 Cl1 C5 C3
Cost i 7 12 19 16 0=%

(b)Since total cost exceeds 50 thousand, the excess amount of (= 54 — 50) is
to be sought as supplementary grant.
) Ay (50 — 54 ) = 2131 faall (8 Gl 50 glai Allaa¥) 4RI ) Lay (2

(c) contractor.C3 who has been assigned to dummy row, R5 (roads) loses
out in the bid.

0Bl (A iy (RS Giob ) (oo sl cisall dasadl ol 3l (C3 ) &l Joliall (&

Example 8 :

A company has one surplus truck in each of the cities A, B, C, D and E and
one deficit truck in each of the cities 1, 2, 3, 4, 5 and 6. The distance between
the cities in kilometers is shown in the matrix below . Find the assignment of
trucks from cities in surplus to cities in deficit so that the total distance
covered by vehicles is minimum.

12 10 15 22 18 8
10 18 25 15 16 12
11 10 3 8 S 9

O @GR =
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Solution: -

mooOwo >

Dummy

mooOw >

Dummy

Do LS g Baae Y daal (5 gl o giiall 2ae (¢S5 S oA g Caia Caual

12
10

O 00 O

|

O O 0 O b~

10
18
10
14
12

O 01 60 NN oo DN N

5

18
16
5
13
13
0

6 ciall b dad JB)
8 8
12 10

9 3
I 6
10 7

0 0

(2) Jso it Coua IS 8 dad Jil 7 )k

Table (1)
3 s
15 22
25 15
3 8
10 13
11 7
0 0

Table (2)
3
7 14
15 5
0 5
4 7
4 0
0 0

O o0 N DD O

OO W oo N O o

i ) Ainall T phadll (e 230 B aan i 18 A jm a4 Cia JS5 2ee S () L

H OQ 0w

Dummy

"

O O O -

© =

~N 00 N N

O o1 0o

Table (3)

3

i

H
~

O O N w1 o1

(]

=
(@»]

(> I o> BN I \S B e))

;b LS 5 3 il ol

O WO dNO ¢



Jiel e dall (5 e J8) CGasiall axe (e J8l da shaddl (e 220 81 () Lay
L ghadll abalss Llds ) lgduaig sUarall & alll mian (e Slaie e dad 8l 2 ki 1Y
(4) Jsaall i dagiinnll

Table (4)
1 2 3 4 5 6
A 6 2 7 14 10 0
B 0 6 13 3 4 0
o 10 7 0 5 2 6
D 0 6 2 5 5 4
E 3 5 4 0 6 3
Dummy 2 0 0 0 0 0
(2 ) 8Uaie e dad J8l &b 10 Jial e (Table 4 ) b a)sh dall
Table (5)
1 2 3 4 5 6
A6 0 5 12 8 0
B 0 4 11 1 2 0
- 2 8
D 4 0 3 3 4
E 5 5---c-dh----- 0 6-----5
Dummy -4 0 0 0 0 2

L L LS Gaaddl 5 il (Table 5 ) gibad) dsaall a3l ad
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1 2 3 4 5 6

A 6 0 5 12 8 0

B 0 4 11 1 2 0

C 12 7 0 5 2 8

D 0 4 0 3 3 4

E 5 5 4 0 6 5
Dummy 4 0 0 Q 0 2

2 JiY) Gaaddl s Jial dall i 1A 6 = 4y il adll s ) dagiinsall o shadll sae () Lay
o
Since there is no row and no column without assignment, the third feasible
solution is the optimal solution. The optimal assignment pattern is
city A should supply the vehicle to city 2,
city B should supply the vehicle to city 6,
city C should supply the vehicle to city 3,
city D should supply the vehicle to city 1,
city E should supply the vehicle to city 4, and
minimum distance travelled = (10 + 12 + 3+ 6 + 7) km = 38 km.
No truck is supplied to city 5.
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@\)ﬂ\ Jad 413

E
Find the last cost allocated from the following data

Workers 2 Q R S T3
A 85 75 65 125 75
B 90 78 66 132 78
C 75 66 57 114 69
D 80 72 60 120 72
E 76 64 56 112 68
2 =

Five men are available to do five different jobs. From past records, the time
(in hours) that each man takes to do each job is known and given in the
following table:

I I 11 1V V

mooOm@™>
o A D O DN
W N OO 0O ©
O© N O1 N D
O1r W W o
[ o T T

Find the assignment of men to jobs that will minimize the total time taken.

3 -

A pharmaceutical company is producing a single product and is

selling it through five agencies situated in different cities. All of a sudden,
there is a demand for the product in another five cities not having any
agency. The company is faced with the problem of deciding on how to assign
the existing agencies to dispatch the product to needy cities in such a way that
the travelling distance is minimized. The distance between the surplus and
deficit cities (in km) is given in the following table.
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160 130 115 190 200
135 130 130 160 175
140 110 125 170 185
S0 50 80 80 110
S5 35 80 80 105

mooO @™ >

Determine the optimum assignment schedule

4 -
A national truck rental service has a surplus of one truck in each of the cities,
1, 2, 3, 4,5 and 6; and a deficit of one truck in each of the cities 7, 8,9, 10, 11
and 12. The distances (in km) between the cities with a surplus and cities with
deficit are displayed in the table:

31 62 29 42 15 41
12 19 39 95 71 40
17 29 50 41 22 22
35 40 38 42 27 33
19 30 29 16 20 23
72 30 30 50 41 20

OO, wWwN
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5 -

A departmental head has four subordinates and four tasks to be performed.
The subordinates differ in efficiency and the tasks differ in their intrinsic
difficulty. His estimates of the times that each man would take to perform
each task is given below in the matrix:

I I i v

8 26 17 11
13 28 4 26
38 19 18 15
19 26 24 10

OO0 W >

How should the tasks be allocated to subordinates so as to minimize the total
man-hours?

o-

A lead draftsman has five drafting tasks to accomplish and five idle
draftsmen. Each draftsman is estimated to require the following number of
hours for each task.

A B C D =

60 50 100 85 95
65 45 100 75 90
70 60 110 97 85
70 55 105 90 93
60 40 120 85 97

ok owmMN -

If each draftsman costs the company Rs. 15.80 per hour including overhead,
find the assignment of draftsmen to tasks that will result in the minimum
total cost, what is the total cost?
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7-
The marketing director of a multi-unit company is faced with a problem of
assigning 5 senior managers to six zones. From past experience he knows that
the efficiency percentage judged by sales, operating costs, etc., depends on
manager-zone combination. The efficiency of different managers is given
below:

I 1 11 AV V VI

73 91 87 82 /8 80
81 85 69 76 74 85
75 72 83 84 /8 91
93 96 86 91 83 82
90 91 79 89 69 76

mooOw@ >

Find out which zone will be managed by a junior manager due to non-
availability of a senior manager.

8-
Solve the following assignment problem:

I I Il IV VvV
11 17 8 16 20
9 7 12 6 15

13 16 15 12 16
21 24 17 28 26
14 10 12 11 13

OO ~NWDN -
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O-

Five wagons are available at stations 1, 2, 3, 4 and 5. These are required at
five stations I, I1, 111, IV and V. the mileages between various stations are
given by the table below. How should the wagons be transported so as to
minimize the total mileage covered?

[ 1| 11 v V
1 10 5 9 18 11
2 13 9 6 12 14
3 3 2 4 4 5
4 18 9 12 17 15
5 11 6 14 19 10
Solution: -
10-

A fast-food chain wants to build four stores. In the past the chain has used six
different construction companies, and having been satisfied with each, has
invited them to bid for each job. The final bids (in thousands of rupees) are
shown in the following table:

Construction companies

1 2 3 4 3] 6
1 85.3 90 875 824 891 0913
. 2 789 845 994 804 893 884
3 820 313 285 66.5 80.4 109.7
4 843 346 862 833 850 855

Since the fast-food chain wants to have each of the new stores ready as
quickly as possible, it will allot at most one job to a construction company.
What assignment will result in the minimum total cost?
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11-

A manufacturer of complex electronic equipment has just received a sizable
contract and plans to subcontract part of the job. He has solicited bids for 6
subcontracts from 3 firms. Each job is sufficiently large and any firm can
take only one job. The table below shows the bids as well as the cost estimates
(in $ of rupees) for doing the job internally. Not more than three jobs can be
performed internally.

\Job 1 2. 3.4 5 6
Firm

1 44 67 41 53 48 64

P 46 69 40 45 45 68
3 43 73 37 il 44 62
Internal 50 65 35 50 46 63

Find the optimal assignment that will result in minimum total cost.

12-

A company has a team of four salesmen and there are four districts where the
company wants to start its business. After taking into account the capabilities
of salesmen and the natrue of districts, the company estimates that the profit
per day in rupees for each salesman in each district is as below.

1 2 3 4

16 10 14 11
14 11 15 15
15 15 13 12
13 12 14 15

v pMv e

Find the assignment of salesmen to various districts which will yield maximum
profit.
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13-

A company has four territories open and four salesmen available for
assignment. The territories are not equally rich in their sales potential. It is
estimated that a typical salesman operating in each territory would bring in
the following annual sales:

Territory: I 1 11 v

Annual sales ($): 60,000 50,000 40,000 30,000

The four salesmen are also considered to differ in ability; it is estimated
that working under the same conditions, their yearly sales would be
proportionately as follows:

Salesman: A B C D

Proportion: I 3] O 4

If the criterion is maximum expected total sales, the intutive answer is to
assign the best salesman to the richest territory, the next best salesman to the

second richest territory and so on. Verify this answer by the assignment
method

14-

A small garment making unit has five tailors stitching five different types of
garments. all the five tailors are capable of stitching all the five types of
garments. The output per day per tailor and the profit ($) for each type of
garment are given below:

Tailors il 2 3 4 3)

A 7 9 4 8 6

B 4 9 5 7 8

C 8 5 2 9 8
D 6 5 8 10 10

E 7 8 10 9 9

Profit ($) per garment 2 3 2 3 4

(i) Which type of garment should be assigned to which tailor in order to
maximize profit. assuming that there are no other constraints?

(i) If tailor D is absent for a specified period and no other substitute tailor is
available what should be the optimal assignment?
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15-

Welldone Company has taken the third floor of a multi-storeyed building for
rent with a view to locate one of their zonal offices. There are five main rooms
on this floor to be assigned to five managers. Each room has its own
advantages and disadvantages. Some have windows, some are closer to the
washrooms or to the canteen or secretarial pool. The rooms are all of different
sizes and shapes. Each of the five managers were asked to rank their room
preferences amongst the rooms 301, 302, 303, 304 and 305.

Their preferences were recorded in a table as indicated below.

MANAGER
M1 M2 M3 M4 M5
302 302 303 302 301
303 304 301 305 302
304 305 304 304 304
301 305 303
302

Most of the managers did not list all the five rooms since they were not
satisfied with some of these rooms and they left off these from the list.
Assuming that their preferences can be quantified by numbers, find out as to
which manager should be assigned to which room so that their total
preference ranking is minimum.

16-

The captain of a cricket team has to allot five middle batting positions to five
batsmen the average runs scored by each batsman at these positions are as
follows:

Batting position

Batsman I I 1 v V
P 40 40 35 25 50
@) 42 30 16 25 27
R 50 48 40 60 50
S 20 19 20 18 25
T 58 60 59 55 53

(i) Find the assignment of batsmen to positions which would give the
maximum number of runs.
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(i1) If another batsman "U" with the following average runs in batting positions
as given

below:
Batting positions: I 1 Il v \%
Average runs: 45 52 38 50 49

is added to the team, should he be included to play in the team? If so, who will
be replaced by him?

17-

A solicitor’s firm employs typists on hourly piece rate basis for their work.
There are for typists and their charges and speeds are different. According to
an earlier understanding only one job is given to one typist and the typist is
paid for full hour even if he works for a fraction of an hour. Find the least
cost allocation for the following data:

Typist | Rate/hour ($) 'lc\:/géglfh%i%es Job | Number of pages
A 5 12 P 199
B 6 14 Q 175
C 3 8 R 145
D 4 10 S 298
E 4 L T 178
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Gan daai S5 Sadl) a8 @l aes dia )l s oy 43, )l 338 8

Lol S 14 2 oall Sluall ga SSYI aie) S @ Jlualls dledl) Gaany Al
L Y Sl Talaaall

: /é\

s lad (e lllia (fld
14 = 7+4+3 ¥ o0 a3l 1-2-3-5 -2 Jg¥) Jbesal
18 = 7+8+3 o )iV a 33 (a3 [-2-4-5 =1 (ALY jlewal)

LHA;Q\JM\um@kﬁgj@\)w\ﬁ)ﬁgﬁ\@)wédy@)u\bJA
OIS a9 (e)

AN Jsall apaad b AL ety Seal) a3l Ak -
Sa = & 5l 8 JsY) Gaaall Sudl) a3l i L1
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4l a5 (Earliest start time) g s i) ddadil (e Jalis JSI jSaall (a3l apasd 2
de) g8l aii oaaaily ald fay of Jabiill (Sayy (3l g3l g8 5 ESi 5l E el
: 4y
ol i) ae Sl laladall gl olaily Saall (3l s a5y 2 JgY) Bacldl)
e = Jo¥) Gaall Kudll a3l
Ll il e+ Sl Tl ey = Jalis oY Saall a3l 3 A BaclAl)

ETj = ET, g Dij
= T E=8
-
0———0
Sl ) a3 L) (e
T Lléad T blaill <l

ﬁsww)n;st@mﬁjuu‘;;%m

£ sodall (& Gan JAY Sl a3l e g s sl Slail 0e .3

DAY sl e il (L 3e b 4 e s) DAliall a3l ciing 4
Eaall A Saall (a3l (5 sbsa AV Eaall aliall a3l o) i iss A
peY) B Sy sy B
Lalzdll ey — LAl Sasy ey = salial cadl 003 .C

E—3

o——©
L=10-7=3 L=10
s b LS5 aall ilia gy (e ) JB1 230 Calaa¥) 5 AaiiV) i s A

L:l/3.L:4
. : .L:12
\. a
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el Gaan g Al Gaaal Jaliall s SSadd) el () sS5 o) Ja sty 53 BLaill a7 oall Ll 5
Ale Gaal Sl a3l e Bl Ay Gaasd Sl a3l =5k deals ol Glgludie 408
Lzl 365 e ) (5 glusa JaLl)

10
E=5 E=15
L=5 =15

Ll s Lol Gan e J LAl Sl Y Y zoa odlel A-B Ll ole) Ll
15- 5 =10 (38 e )) O () Abal Gl sbusia

5
E=10 E=20
L=10 L=20

5038 524l (e g sbw¥ 51 20-10 =10 0¥ z o~ C-D  blis iy

z ol Jlall Jidi A jall AiiVl g gene L6
Aapal) eV A ) & gana () 5 st 7 all Slsall (1) L7

El:

E=4
L=4

E2:




1-2 —

1-3 — 5
3-4 1-3 7
3-5 13 3
2-6 1-2 4
5-7 3-5 1
4-6 3-4 8
4-8 3-4 2
6-8 2—-6and4-6 12
7-8 5 ¥ 4

a) Construct the net work
b) Compute (E) and (L) time
c) Find the critical path

= E=20
L 16 L =20

E=32
L =32




The Critical path=1-3-4-6-8
The Total critical Time = 32

Example 5: A project Schedule has the following characteristics

Activity Percedecessor Activity Time (weeks) ‘

=
|
N

R

WWININ
[
-2}

I
o uvoluohbw
N i

2-4and1-4 17
4-5and3-5 9

GRWWINN| PP
|

a) Construct the net work
b) Compute (E) and (L) for each event
c) Find the critical path

Solution :-

The Critical path=1-2-4-5-6
The Total critical Time = 44
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Example 6: A project Schedule has the following characteristics

Activity Time (weeks) Activity Time (weeks)

a) Construct the net work
b) Compute (E) and (L) for each event
c) Find the critical path

Solution :-

The Critical path=1-3-5-7-8-10
The Total critical Time =22
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PERT <m sl 6-5
goal Slad) gl Balall jlas) ey i A moal) luall caslal e @im caslal Sl 1
A Al g5 Al g3 ) SEall ag jliiall iy ge8 131 Jalds JSY aal g Ol (e ) a8 e daiay
caliny Jlalld @ yn oglid Ll alis JS 5 aal g e ) dldie ) LeiSa Cusn 3 H1aY) (Al 3,08
o3 5 AdaisVl Sladl 5 558 (pe 2SU ane Cuany ((Mlaind caglu) sgd) (e 30 €l i M g 3)
DAYl
Optimistic time (t,) 34 a3l -
Ol Bl Ca g plall 55 a8 8 e Teliy sapaat o5y g JaLaall et wdsie (o) JB) 58

Pessimistic time (tp) ailddall (o ) -
skl e sl @8 g bl (e aasg s Gl (a3l GaSxs s
Most likely time (tm) Ylaia) JAisY) o3l -z
oary e A Al dplall okl Galal e i s Al SV g el Mg
(M) sl o ol Jiay 5 (Expected time) a8 siall (e 3l Gl o3 SOEN A3 3Y) YA ey .2
Dok WSy U a5 58 (385 o giall (e ) ) Al oy

tet4tm+ty

Mean (Expected time) (t;) = u = .

Asiadl ga il e Talaie ) zoall jludl Cluial &5 3

Gl i) e by G (A all AadsV) aaas 25 o) an) SV ol il At
£ sl 285 Jlaial paat & g el

g ol Jleall (g laall ol ja¥) 6 = \/hﬁl\ sy il = v/o?
re ) O sl aladiuly A jaldl i ol &) Al o5y L5
Variance (V) = ¢° = (%)2
D A0V ABa) pladid Gyl e 5 (51 (B g 5 e () 2 Jlaial A jee e 81V (ST L6

gl e Wl—gz jall jlusall e )

o

4y jbmall 4a 3l (Z) Standard normal distribution =

e\;sm_) & s piall ddn Jlaia) pasd A Laladial el L il agdall o 5530 & (Z)
C(A) bl m) sl Jglaa
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o bdal) aa) aday A0y bl el @ dgl : 7l

oLl (to) JLsal a3l () Yhala) Y Gadl | (L) adbiiiall (ha 3
1-2 3 4 5
1-3 3 5 7
2-3 8 9 10
34 5 6 7
-t islaally

SV Al a1

.EJAJ‘ Jbeall maas 2

L ordall 5 bl G A Glea 3

25220 (A £ gl 1T Jlads) s 4

: Jad)

ek LSy @dsiall el s

to+4t,, +t .
%=ﬂ=te (2255 (a3 (beand) Jacu gl
1-2 w =4
6
s 3+4(5)+7 g
6
2.3 8+4(9)+10 9
6
3.4 5+4(66)+7 e
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il ey 2

0 E=13 E=19
0 L=13 L=19

o——0——9
Nen”

19 s gz oall Jlall G5 g 5 pdall 285 0y Ol (1 =2 = 3 — 4) 2 zoall Jlud) o)
£
Z oAl Dlaall (g el ol eVl s 3

P Y sl alasinly Ao jal) Aadid A4 el il i)

6
an-(52)- (3 -
eo-(52)=(3) -

| 2 2
@0-(C- () - (23

oAl el (5 jadll il ay)

(JSS ¢ 5_piall (5_jlunal LJ\);SY\):\/(GZ)Z;);J\M\J\CEM

= /l B, le—
6= |5tsts \/: 0.57
& 5 phiall 2 Jlaial 3353 L (5 kel Gl jai¥) e i

28 20 A & 5 el 288 Jlaial Cluas 4

gl e Wl—gz jall jlsdll e )

el da il (Z) = .
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. 20-19
0.57

P(Z <1.8) = %96 = s & sl 2dii Jlaia) ()} a3 A Jgand Hlilly

Example 8 :

Consider the network shown following fig. For each activity, the three time
estimates to, t, and t, given along the arrows in the t, — t, - t, order. Determine
variance and expected time for each activity.

e 14 -17-20 e
_9_ —18-25
I —17-13 \
12 -15-18 e

- 5

5- 10—

-7-8 9 14_ 20-25
e 9 -11-12

We put the events in a tabular form and calculate the variance and expected
times. These calculations can be carried on the network also

Solution: -

Activity i-j

Predecessor Successor —

. . 6
event i event j

10 20 6 |9 |12 1.00 9.0
10 50 4 7 8 0.44 6.7
20 30 14 17 20 1.00 17.0
20 40 7 10 13 1.00 10.0
20 50 3|5 9 1.00 5.33
30 70 13 18 25 4.00 18.33
40 60 10 14 16 1.00 13.67
40 70 12 15 18 1.00 15.00
50 60 9 11 12 0.25 10.83
60 70 17 20 25 1.78 20.33
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Example 9:
Consider the network shown in following fig. the three time estimates for the

activities are given along the arrows. Determine the critical path. What is the
probability that the project will be completed in 20 days?

Solution: -
Ol g a8 giall el Gl ; Yol

o s LSy zoadl jleadl Gl %) @ gial) (a3l (bl o g Sadd) abadal) JNA e ; Ll
Copla SlILIA 2\43{}43‘ *‘“m

Expected duration of the project, T, = 19 days.
Contractual obligation time, T = 20 days.
Standard deviation of the project,
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o= _|Xo; foralli-jon the critical path

- o for path 1-2-4-5-6 =+1+1.36 +0.11 + 0.44 =1.70,
o for path 1-2-3-4-5-6 =+1+2.8+0+0.11 + 0.44 =2.08.

~ 0 =2.08 is chosen as it is higher of the two values.

T— Tcp il 20—19
2.08

=0.48.

~ Normal deviate, =

From table A, probability = 68.44%.

Example 10 :
Consider the network shown in following fig. the three time estimates, the

expected activity duration and the variances are shown along the arrows. The
earliest expected times and the latest allowable occurrence times are computed
and put along the node. What is the probability of completing the project in (i)
12 days (ii) 14 days (iii) 10 days?

Solution: -

We identify that the path 1-2-4-5-6 is the critical path and expected project length
Is 12 days.

(i) Here, gl Jwall 04 Tep = 12 days, T = 12 days.

Standard deviation for the project length, ¢ = /Z cl?j for all ij on the critical path

6=41/9+1+16/9+1/9 =1.73.
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T— Tcp _ 12-12 B

~ Normal deviate, Z= . < 0.
=~ probability of completing the project (from table A) = 50%
(i) Here, T =14 days.

Z=2"2=116.

=~ Corresponding probability = 87.7%.

(ili) Here, T =10 days.
_10-12 _
Z= = -1.16.

=~ Corresponding probability =1 - 0.877 = 0.123 = 12.3%.

Example 11 :

The time estimates (in weeks) for the activities of a PERT network are given
below.

Activity to tm tp
1-2 1 1
1-3 i 4
1-4 2 2
25 i 1
85 2 5 14
4-6 2 5 8
5-6 3 6 15

a) Draw the project network and identify all the paths through it.

b) Determine the expected project length.

c) Calculate the standard deviation and variance of the project length.

d) What is the probability that the project will be completed?
(i) at least 4 weeks earlier than expected time?
(if) no more than 4 weeks later than expected time?

e) If the project due date is 19 weeks, what is the probability of not
meeting the due date?

f) The probability that the project will be completed on schedule if the
scheduled completion time is 20 weeks.

g) What should be the scheduled completion time for the probability of
completion to be 90%7?
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Solution: -

a) The network for the given data is drawn in following fig. The various paths

through the network are
AV ol jlall 48 el (A 5 Sl Jaladal) Ly Lasd

1-2-5-6,
1-3-5-6,
and 1-4-6

b) For determining the expected project length, the expected activity times need
to be calculated. The same, along with the variances, are computed below.
:&M;Q@Qﬂbé\:ﬁﬂ\&_}Y\ﬁﬂ%&;ﬁmﬂéﬂ\ J shll Clual

Activity = %
1-2 1 1 7 1 2
1-3 1 4 7 1 4
1-4 2 2 8 1 3
2-5 11111 0 1
3-5 2 5 14 4 6
4-6 2|5 |8 1 5
5-6 3 6 15 4 7
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Length of path 1-2-5-6 =2+1+7 = 10,
Length of path 1-3-5-6 =4+6+7 =17, and
Length of path 1-4-6 = 3+5+8=16
Since 1-3-5-6 has the longest duration, it is the critical path of the network.
=~ The expected project length 17 weeks.
¢) Variance of the project length is the sum of the variances of the activities on
the critical path.
Aa all Adadi¥) cpls ¢ gsana 7 ol Ll s
Vep = Vig+ Vas+ Vsg=1+4+4 =9
ol Gl a6 =+/9 =3

d) (i) probability that the project will be completed at least 4 weeks earlier than
expected time:
DD a8 giall gyl e anll (4) Jii g 5 il el Jlaial
Expected time = 17 weeks,
and Scheduled time = 17 — 4 = 13 weeks.

-~ The standard normal deviate,

7= 13;17 =133,

For Z = - 1.33, probability is 1 — 0.9082 =0.0918 or the probability of
completing the project at least 4 weeks earlier than expected time i.e.,
within 13 weeks is 9.18 % .

(ii) probability that the project will be completed no more than 4 weeks later
than expected time:
siall Gl 2 sl (4) e 2 50Y Lar g 5 pdial) 285 Jlatial
Expected time = 17 weeks,
Scheduled time = 17 + 4 = 21 weeks.

Zo= 2121 33,

o p = 0.9082.
Therefore, the probability of completing the project in not more that 21
weeks is 90.82%.

e) When the project due date is 19 weeks:

19-17
Z =

= 0.667 =~ 0.67,
For which, p =0.7486 or 74.86%.
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=~ The probability of meeting the due date is 74.86% and the probability of
not meeting the due date is 25.14%.

f) Scheduled time = 20 weeks.
20-17

= = 1, for which p = 84.13%.
g) Value of Zforp=0.9is=1.28.
1.28 = % or T = 17+3.84 = 20.84 weeks.

Example 12 :

In the PERT network shown in following Fig. the activity time estimates (in
weeks) are given along the arrows. If the scheduled completion time is 23
weeks, calculate the latest possible occurrence times of the events. identify the
critical path. What is the probability that the project will be completed on the

scheduled date?
4 -6-8
00—
e

O——6©
———

Solution: -

1-2 313|130 3
2-3 316 (9|16
2-4 2 4 6 49 4
3-5 4 6 8 49 6
4-6 4 6 8 49 6
5-6 oco|0j0| 0|0
5-7 3 4 5 19 4
6-7 2 | ENES | 1SEES
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E
L

7 E=15
g =

Probability of completing the project on scheduled date:
T= 23 weeks, E = 20 weeks.

Variance of the critical path=0+1 +4/9 + 0 + 1 = 22/9 = 2.444,
23-20
Z= N 1.92.

Probability = 97.26%.

Float time gaildll (e 3l Maad 8-5

Shse lia gdajall je Al 8 (aildll ey dga g IO il  Sull) Jaladall Jidad YA (1
Gl paail g g pdall il 8IS oy A8 8 Lie BAELY) Sy Alble ik dga g e pdise e

claa (e si A g Earliest Time 3 ssall 4l ¥ aaas -
: Early Star (ES) _Ssall iadl ¢p -1
] (*J\%\Jg)éyﬂ\w\ IR e sy

: Early Finish (FS) Ssal slgiil ¢a) -2
. (ES) +Lhlall dasi sy 5 (DT) ssben s
s Laa cpe o3 a9 Latest Time 3 aliall 4ia ¥ —
: Latest Finish ( LF) _Alial slgiiy) ¢ -1
(pend) Al ) A8l e dn) Al o
: Latest Star (LS) Ssal) sad) G -2
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Example 13 :

LE - (DT) bl 365 e 5 sk
: Slack Time (S) oaildl (el —

s ) QAN aladialy ¢ Al g

S=LF-EF
Or
S=LS-ES

A project schedule has the following characteristics:

Activity Times (weeks)

1-2
1-3
2-4
3-4
3-5
4-9
5-6
5-7
6-8
7-8
8-10
9-10

a. Construct the network diagram.

o

~N O N 0o~ OO

b. Compute E and L for each event, and find the critical path.
c. Compute Total Float for Activities
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Solution: -
E2=4 E4=5
L2=9 L4=10

E1=0
L1=0

E10=22
7 L10 =22

E6=ll

L6=16
E5=7 E8 =17
L5=§ / \LS 17

6 E7=15
L7 15

E3=1
L3 =
1

The critical path=1-3-5-7-8-10

Duration Earliest Time Latest Time Totol Float =3l

Activity

(i.J) 7 el el sl el

ES EF LS LF (LS- ES)
1-2 4 0 4 5 9 5-0=5
1-3 1 0 1 0 1 0-0=0
2-4 1 4 5 9 10 9-4 =5
3-4 1 1 2 9 10 9-1=8
3-5 6 1 7 1 7 1-1=0
4-9 5 5 10 10 15 10-5=5
5-6 4 7 11 12 16 12-7=5
5-7 8 7 15 7 15 7-7=0
6-8 1 11 12 16 17 16-11=5
7-8 2 15 17 15 17 15-15=0
8-10 5 17 22 17 22 17-17=0
9-10 7 10 17 15 22 15-10=5
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PERTcost <adlsill 3 &y igbul 9-5

Gllia ol e g s el il o 3 Gl mdd (8 O sl aladiid e U el Gas Led (]
Oe 30 aladindy Tl ) o g pdiall 2y o) pu) ISV ) Qi) 48IK5 5 2l () ADle
alall o) s,y e 3 Jlae ) lah Aalal A& e iy 138 5 Jleadl s IS ) o) gall
Al g a3 s (e AdliRal) Bl Jilay Lia) 5ok e JieY) < gl g Ll

Janadl) 48T e 35 A4S elllia ¢ Crash Time Jaxall e ) ce (e ) lilia Laldill 385 g pudl 2
Normal Time ==kl (w315 Normal cost daulall 4d<ill a3y a5 Crash cost
: @Y\LL;A@L@JMQSA&QAJ\}W\ O A8l

Yo rrrrl

A .!S"“

Aol 48l

, o)l

. 5 8

Db AU Glhad @iy o5 Gl Gl ddaa ey Gaa By il 2 Jaaadll 3aY) <y 8133
LAY shaal) 385 lld 2y g CalSill b aiSae 30 JAL @lld oy o) e )

& s iall 385 (e ) Gy (S Leatlis Y da jall Adaii¥) e &y o)) ang il -]
Lo ¢l il 3ok e Jaall Aagii A58 dey bas 5 JS e il AV A Ol
: b LS5 (cost slope) i) Jye o

ol G S LA QAT A — panlal) G S LLA) A Aal

4l Jae cost slope =
P Ga:\JL.“ 2arill e ) — Jamall (e A

CC_Cn

oo Szl Sl ey oS Ladlda Juaadll 5 5S35 J8Y) Jaall 03 il (Jaza) oty T
Casgiuall (a3l sl daaadll a3 (g sbasall aaadl 2 el sl (a3 ) Jead s Jimall (1)
QHUAJGPJMOAJJS\&UAQ)S,go\j\ﬂﬁa‘)nds‘;jc)d\‘)@\@\:\hvm@

&5 all 245 ey mad lanial e S o Sl iy An sl Sl sl e Lk

& sanall s 5 p80all e RISl ) 5 8lall Gl Ciliat Coagiuall (g3 Jontll § 5l vie 4
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&kl Al laldl) clby 14 JUia

1-2 5 4 200 250
1-3 3 2 400 560
2-3 7 6 450 480
2-4 8 6 480 600
3-4 15 12 800 1010
3-5 10 10 400 400
4-5 4 4 150 150
4-6 12 10 600 800
5-6 3 1 150 300
g saxall 3630 4550

dﬂ}ﬂ&bﬁ&\%ﬂj&;ﬁd\@mo\g&gém Jazall cra il 48 ma o gthaall g
A41S3 (8 Janal) ¢l

s Jadl
(slope) Jul g it :¥g)

Ll Slope
> 250-200 _
5-4
560-400
1-3 = 160
3-2
2.3 480-450 _
7—-6
2.4 600—-480 = 60
8-6
3-4 1010-800 =70
15-12
_ 400-400 _
10-10
4.5 150-150 - _
4-4
800-600
4-6 = 100
12-10
£ g 300-150 _
3-1
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bl el el ez all el apaap Sl Jadadial) sy oLl

E=5 = = 27
L=27

0
—
O \

. |

- m
I

E=12 E=31
L=12 L =36
1-2-3-4-6 : gl Sl
39 ¢ gl Y a3 Gl
3630 al<l) dalsl)

Uaeall A6l o jal) el sy Suil) Jaladial) oy Gl

E:4 = = 2
L=22
E=0
> | .— \

= .
\o—»o

=110 E =26
L=10 L=31

/.

: olile ey odle ) ahadll (ye
32 = g sl 2851 Jamall (g 30

39 —32="7= e M A sl
4550 = iaxd) dalil
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LS5 (slope) de JBl 4l a7 sall Blaally faw ledara Cangy ) AadiV) 48 el
A e iy (1) e Aaica GKaYL 5 (2-3) 5o Lablaill 13a o Jsanll & sela
D SV bl () S el 13a e 5 (30) b a8 dalKil) dsal )

E=5 E=26
L=5 L=26

— m
I

¢

Glad) sl A ga & el jluall () ey an DA (e
a5 38 2l 3aa oyl
3660 = 30 + 3630 = Jauill 4alS )

Agiial) Aa ) Aad¥) Cp Jse JY) Ala el 338 6 Adaiain Sy g s ol Judl () 5
;Y Sl bl ) oKy 8 g UL g Bas g Avia jBas 5 (1-2) Bl sa

E=25
L=25

- m
I

S R R (IS

37= (g ool Jsall) & 5 pdall 2piii s yid

3710 =50 * 1 + 3660 = 2aull a<

35 (e Gl Lmdl YL (3-4) 5a Al yall 33 8 Aaaa (Saal) oLl
R R R ST pr—
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s b e iy e ) JSAl (e

34 = ¢ 5 phall 285 e )

3920 = 70 * 3 + 3710 = i) 44l

e s LS iz ol Ll )

e 5 oramlall el G AN (i) sy (4-6) sl daimi ) (S 1 sal
Db LS Sl laladall (6K il 5 Jaeall

E=4 E=22

L=4 L=22
E:g ’ .—. 10 E gg
= / \ _
| \- 7 |\ @

\ /
——
E=10 E=26
L =10 L =29

32 = g bl 288 e O gy oMo ) JSAN e

4120 = 100 * 2 + 3920 = Juull 44y

4550 — 4120 = 430 ey dsaal) 480 (0 JAL A8 bl GISWYL 45) iy g
ey (355 (1-5,3-2,6-6) Aan e Adail Jiaad o i Iy GY CONIAY)
(ol Jhaall e y) & s pall 25 ey Jlis M elld (g5 ) (50 sl 300
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Ex 15 :-

Activity Immediate Normal Normal Crash Crash time
predecessor($) time (days) cost (S) cost / day ($) (GEW)

A - 4 400 125 3

B A 5 800 200 4

C A 4 520 150 2

D B 3 600 225 2

E C 3 225 100 2

F B,e 4 600 200 2

a) Draw the project network.

b) Find the critical path.

c) Find the project completion time and the corresponding cost.

d) What s the total cost, if the project deadline is 13 days?

e) Assume the project deadline to be 10 days . the company has to bear S 170 for each day
of delay . find the optimal number of days to crash the project.

C: project completion time = 15

And corresponding cost = 3175
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Y Jsaall olasi ¢ 5 phall 35 Jaaail

Activity

m oo w >

|

Dummy

Slope Crash limit f f
125 4-3=1
200 9-4-5=0
150 4-2=2
225 15-9-3=3
100 3-2=1
200 4-2=2
211-9=

28l ey — Laliall alad jSeall e 3l — Laliill Al Saall (40 3l = FF
o Lo &t m el (e aal

(E Ll ) Jse J8) Qi 5301 gz yad) Tl aaas
(crash limit  Jea=ill 25aa) 1 =F bl Jiaad il
(D,B  Aa sl ye Adalid ) 3 = dun sa ff J 4nd J8)
1= A el JB jlias

100 Jeaxill 4dlS (E)  Laliall ayia j adasg (1) Jiaad (gl

b LS apaal) L) b 4le
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project cost = 3175+ (1) ( 100 ) = 3275
(A Bl ) el & J8Y) AN 2 el bl Jaat = 2
A1=LM. ”\J}A;

1 =ff J 4 90 4ad B

Activity ff
B 10-4-5=1
dummy 10-9-0=1
D 14-9-3=2

(125 Jianil 488 aliadla ) b LS Tabadall ramd (1) ey A BLail) Jams .

Critical path=ACEF

Project completion time = 13 days

Project cost = 3275 + (1) + (125) = 3400

Activity ff
B 8-35=0
D 13-8-3=2
Dummy 9-8-0=1
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Activity : A(1,2) B(2,3) C(2,4) D(3,6) E(4,5) F(56) Dummy

A e o

Critical :  vyes yes

v v v
Free Float ( FF) 0 2 1

Csp panadll LUl E o, slitud e Jue J8

2 APESIPIT
Activity I
B 8-35=0
D 13-8-3=2
Dummy 9-8-0=1

— A ge Aad JB e 2 Janatll 3 gaa )l

Lzl Jiaat 5 (1) sl (e JU8R3C (1)

(150 ) Jaa=dl) 4aK
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Project cost =3400+ (1) (150)=3550

Activity: A (1,2) B(23) C(24) D(3,6) E(45) Dummy

Critical : Yes Yes Yes Yes Yes
FF : (1) 1
A

E,A Qidﬁuj\{p;Jimig

dayal) AldsY) il F L C, B

Activity E B C F
Slope ; 200 150 200
Remaining Crash limit : 1 1 2

Jiaatll (e ) (e (A
DAY Y Jaaadll S0y

175 ,alll 4K 581 a5 200 Jeaxil) A8 (8 F Jand 23 131 1

ol e lady LegdY Laa Logliaat o 0 ana (B), ((€) Crubasal) it o3 1312
Laglinat 44lS 5 pualidg
.l &S e 580 5350 = 150 + 200

- project completion time = 12 days

Cost of delay = ( delay time ) x cost of delay / day )
=(12-10)x170
=340

Project cost =3550 + 340

=3890
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Solved Problems
1- The A B C Manufacturing Company is considering the construction
of a new factory building the folloing list shows the project list a ctivites
relationships and time estimates :

Predecessor (s
A Problem definition -
B Preliminary study of costs and A
constrainins
C .nalysis of problems in existing building A
D Incorporation of requirmentin new C
building
E Detailed darwings of new building B,C 6
F Contractor building a prototype D,E 9
G Cost analysis E
H Engineers reviewing feasibility G
I Contractor building the factory G,F
J Building inspection |, H (6
K Final plant layout J

(a) Develop a CPM network for this project .
( b) Identify the critical path .
(¢) Computer the total floats for the activities.
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2- An industrial project has the folloing data :

Duration (Weeks)

A - 3)
B - 3)
C B 2
D A, C 2
E A,C 3
F A, C 1
G B 2
H B 7
I E 13
J ED 6
K F,G,H 4
L H 3)
M J,K,L 3)

| and M are the terminal activities of the project .
(a) Develop a CPM network for this project .
('b) Identify the critical path .

3- Draw a pert network diagram for a construction project , with the
activity information given below :

Activity Immediate Optimistic ~ Most Likely
Predecessor(s) (m)
A . 7 16
B A 4 19
C A 10 16
D B 7 13
E B,C 13 19
F B 19 22
G D,E 4 7
H F,.G 13 19
| B,C 13 25
J I H 7 13
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(a) ldentify the critical path.

(b) Determine the probability of completing the project in two years
(104 weeks) .

4- The project of construction a small bridge in Wilmington ,
Pennsylvanina consists of 10 major activities . information
pertaining to the project is given below :

Activity | Optimistic (a) Most Likely (m)|Pessimistic(b)

A 2 3) 8
B 4 7 10
C 4 9 14
D 6 10 20
E 1 3 3)
F 3 6 9
G 4 3) 12
H 6 8 10

(a) Develop a PERT network for this project .
(b) Find the critical path.
( ¢ ) Computer the probability of completing the project in 29 weeks .
4-  An electrical engineering project has the folloing activity

information:
Activity Immeditate Normal Normal Crash Crash
Predecessors () Time (Days) Cost ©) Time (Days) Cost ($)
A - 14 1000 10 1400
B - 16 1200 11 1650
C - 20 2000 14 2720
D AB,C 15 3000 10 4250

(a) Draw the network digram Find the cirical path total cost and total time
(b) If the budget limit is $200 per day for any addiyional cost due to
crashing find the optimal project completion time and the corresponding
cost
(c) If the total budget for this project is $8000 with no limit on daily spending
what is the shortest possible project time ?
6 - For the folloing arrow diagram identify the critical path and calculate the
total floats for each activity
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7- The softwere solution division at mastek inc has been working on an
application which on development would have a large market in order
to remain market leaders and innovators of new products they have to
completed this project as soon as possible the division mananger resorts
to the use of PERT in the scheduling of the project activites the folloing
table depicts the information on the activities

Duration (Days)

Activity Immediate Optimistic Most Likely Pessimistic

Predecessor(s) (@) (m) (b)

A - 2 3 4
B A 2 4 6
C A 4 5 12
D A 1 3 5
E B 2 2 2
F B 3 6 9
G C 5 7 15
H E,G,D 4 8 12
I D 6 15 18
J E,F,G,D 3 4 5

a) Find the critical path and the expected project completion time
through a PERT network digram
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b) What is the probability that the project will be completed within 30
days
8 :- Consider problem 14.7 suppose the activity duration are probabilistic as
given in the table below :
Activity Fptimistic Most Likely | Pessimistic

(@) (m)

[HEN

A =T OTMMOO >
©OCRNOARPNDWER

a) Calculater the expected time and variance for each activity
b) Find the critical path
c) Detemine the expected project completion time

9 - Consider a construction project with the folloing data on precedence
relationships durations and costs:

Activity Immeditate : Normal Normal Crash | Crash
Predecessors (s) Time (Days) Cost $ Time (Days) | Cost $

A - 6 120 4
B - 4 120 2 220
C A 3 195 2 5270
D A 4 320 2 520
E B,C 7 700 4 1075
F D,E 5 650 2 1100
G E 10 1600 6 3200

F and G are the terminal activities of the project
a) Find the critical path
b) Find the project completion time the corresponding cost
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c) Suppose it is required to complet the project in 22 days find which
activities to crash and by how much to yield the mininmun project
cost

10- conside the folloing information for a manufacturing system project

Activity Immeditate Normal Normal Crash | Crash
Predecessors (s) Time (Days) Cost ($) Time (Days) | Cost ($)

A - 12 10 500000 90000

B A 10 8 140000 170000

C B 12 9 120000 180000

D A 9 8 60000 70000

E D 12 10 70000 950000

F CE 5 3) 80000 80000

G F 6 6 60000 60000

a) Draw the network digram and find the critical path

b) Find the project completion time and the correspoing cost

c) If the company wants to complets the project 1n 41 weeks find the
optimal crash cost

11:- Fusion Engineering Inc . is designing a new product for welding
two different alloys . The company has limited time and resources to
complete the project . the folloing avctitiy information is available .

Activity | Immediate Normal Normal Crash Crash Time

Predecessor(s) Time(Days) | Cost (S) Cost / Day (Days)
stope (S)

A - 4 400 125 34

B A 5 800 200 2

C A 4 520 150 2

D B 3 600 225 2

E C 3 255 100 2

F B,E 4 600 200 2

(a) Draw the project network.

(b) Find the critical path.

( ¢ ) Find the project completion time and the corresponding cost .
(d) What is the total cost , if the project deadline is 13 days ?
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(e) Assume the project deadline to be 10 days . the company has to
bear $ 170 for each day of delay . Find the optimal number of days to
crash the project .
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Game Theory <l ) 4 ki

- dadidl) 1-6

O sl S sy G Gl ) g1 peall 58 se (6 )N Jemdl 1 om0l o8 s
Jilad mg (e Il lassh s s | (Y1 asl) D o it Q6 ) odile adaad ) 5) Ll il il
A (e gai ST e Gats Al IKAY) i) 25 1928 ale 4 ellh IS Sl i) LAY ade
(i) & ghdl 8 a4 Hla) () siay QS Lghanad 38 5 Apabaii¥) 5 4y Hla¥) Vel 8 1944

_: Lewmal Cilial yidl sac 4y lail) o3a Adiad g

Aoalll J gaals Asand) 48 jaall 5 £lSAL Glaiady il &yl

e ISl Aaliall ddliall las b ale o bkl o

et (WISl Al ) aidant ) sl S ey g

DAY G e Jie JSy 5 1) Gy L)) 8 (13A5 (b ki SIS

A Gl led e L) A Y W B cashll jiled 5 A cashll 2l ) s sall 585N Ji
B <kl zl )

Useful Terminology desdical) clathadl 2-6

1) Player: =¥
Each participant is called player «e¥ cow <ok JS

2) Game results: 3!kl gilis
Player of the game results when each players has chosen course of action.
el i) (55l Ladie cpae U @l Jla o ¢ B) jlaal) il

3) Strategy: 4w auy)
The decision rule by which a player determines his course of action is called

strategy
i) yiul e e JS Lgaing Al ac) gal) o s Aol i)

4) Mixed strategy: — Ahabidal) o) Suy)
If a player decides to use all or some of his available course in some fixed
proportion, he is said to use mixed strategy.

197



338 e di 4l Aaliall ¢l HLal IS o) Giams caaly o) e DU i Ladie 3 Adalidlal) duast) i)
Akl d) el Y1 A

5) Purestrategy: — 4walldl) dag) iuwy)
To a player decides to only one particulate course to action during a play he

Is said to use a pure strategy.
Bkl 5 Jlsda (aae DU Lgaaly ) sl YD a2 AallAd) ) i)

6) Two — person zero —sum game: il & ganall &ld 3) jlal)
A game with two players where again of one player equals the loss to the
other is known as two — person zero — sum game
e Jianile 58 Ladie (e D (e 43 S0l 31 5Ll a5 2 (s dual) £ ganall €l 3 jlall
DAY e S5 e (s sl Laaaal

7) Payoff matrix: il sl 4 siaal)
Is a table showing the amounts received by the player named at the left hand
side after all possible plays of the game. The payment is made by the player
named at the top of the table.
O Jo¥) e UL Aalall ) gall Ld s sall aill rana 5 ddshiae a5 1 i) gall 48 ghuaall
(OAY) e D) A Cajhall jiled 4 g daliall il Y]

Pure strategies and Saddle point z sl 4dail g Aalldd) ciladl i) 3-6

N adi Jobad Ak elllia 5 3 )ball Jlsha Lesaly saal s dnt) il caeY JS Sl o6 AMa o2 i
Zad J8) a3 A 5 5l _Laall Rad it 5 gz peal) Al s g (o ) S Aallal) Clin i jind¥) ool
OO ) Jalail) s Lim) e g o gae B4l ST 5 Ledia

Example 1:
Solve the game given below:

Player (B)

Player
A 2] 8 5 4
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Solution: -

Player
A

Column Maximum

Example 2:

Player (B)
I I 1l Row Minimum
I 2 1
8 5 4 4 Maximum
8 9 4

Minimum

The value of game = 4 (A =2 sa)
oo ) Gl (s Adai) (3] 58 a3 g g Caanns

31 5tall U1 oda 4l Spal i) Canly Cogus s A

31 5kall U1 oda A0 Gl i) canly g - B
Value of the

Game = 4

Strategies: A, row 2

B, column 3

Solve the game whose pay of matrix is:

A 1

(B)
B 1
3 -2 6
o 4
5 2 -4
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Solution: -

Player
(A)

Column Maximum
Strategies: A, row 2
B, column 3

Saddle point ( 2,2)
Game value : 0

Example 3:

1 Row Minimum

Player (B)
I |
-3 -2 6
2 0 4
5 -2 -4
5 0 6
Minimum

-3

0 Maximum

-4

Find the solution of the game whose payoff matrix is given below:

(B)
| 1 11 AV V
| -4 -2 -2 3 1
1 1 0 -1 0 0
(A)
1 -6 -5 -2 -4 4
v 3 1 -6 0 -8
Solution: -
(B)
| 1 1] v V Row Minimum
| -4 -2 -2 3 1 -4
11 1 0 -1 0 0 -1
(A)
1 -6 -5 -2 -4 4 -6
v 3 1 -6 0 -8 -8
Column Maximum 3 1 -1 3 4
Minimum
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The value of game = -1
This means that B always wins 1 unite of money
Saddle point ( 2, 3)
Strategies : A, row 2
B, column 3

Game without saddle point g s« 4aii ¢ g0 il il 4-6
(Dominance) 8wl 3218 1-4-6
i gl Y Ay (s A1 Gk gl e AT Bie )8 Al a8V B Gl bl e LIS S
salanall 45y pka aladiuly )bl (it Jglad 3 k) (e gl gl Tl J s 81 el A5 e S Leasiy
g pde g M>2 (5S5 Ladie (2.M) ) (M.2) g5 81kl (4S5 Laxie (Dominance method)
Dy Caall 138 (b A1 Cia pualiel 4 gluse ) jraal Cigiiall aa) jalic e S 136 ¢ 5l 65 4ol
Lgsa 5l ST s2ee W) an) yualie S 13 saee D Al Wl | AY) Coall Cada Sy Ydie 5 Gpasga
Dominance ) d& skl a3 aladinly g AV 3 ganll Cada (Sars Gasen 3 sanll 1363 30 2 gac pualial
-1 o Lar 3 buall Bac 8 (oalie (andlli Sy 5 3 5a 5 Chia (e ) a3an ) (S (Method
principle of dominance 4iaxgdl st
K s 4dde age Caall 138 Al Cacall jealial (g by 5 sl Caall pualic guen oIS 13 ]
ECREN
40a Sy gaile panga 3 genll 13g8 HAN 3 garll pualial (g gl o) HS) 2 garll palic auaa GIS1A) 22
Uy pm Jarails gl Jrn 5 4l Cpasgn il 3500 0 SH il (S -3
Bkl dad e s Y Gidall o ddaadle ga

Example 4: solve the following game by using the principle of dominance

Player (B)
o @ O
1 -1 7

Player (A) ™M -3 0 -3

R 2 1 5
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Solution :
5 A At ) el o B la jualic JS Y AR Gadl i) s Ace U SV

- S
(B) w3
o @
W 1 -1 7
(A) e
R 2 15

2t YIS 55 laall iAo g 1) AAEN A W) Canly () Ca s B ae DU

(B) «=3
o @

R S5 3 1 GBI 8 all da el (e sl )

Example 5: solve the following game

Player (B)
o @ O
0 -2 7

Player (A) ™M 2 5 6

R 3 -3 8

Soluation :

(Ll (o) 3 Anal i) bt 130 (3) Al i) pualic (e 1 (2) Al i) juslic gpan

(B) w30
® @
W 0 -2

At M| 2 5

R o -3
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: SV B el raaid a3a3 1A M Al ) 8 (e Leple Crasge W Aol 5uY)

(B) e3U
L @

(A) w30

e J9 Bl Cila) i) ) Jeal 5ill &y jual) 48y 5L alasind GSeYL zaal Y

Mixed Strategies Aalidal) cibas) i) 2-4-6

- L Aaliaall il el Jad Lealadind ai€aall (3l he daal) elllia

Algebraic Solution 4l 48kl ; Y

CB e (X) = Y Dadl Y aaly JY) e ol i A5kl sl i

Tl inY) Conld (a5 (i SN Cae S Ll (1 — X) o sl il i)
AARE iy e L Ly 8l (a (1 — ) — R Al Y15 80 (e () = oLV
A8y Hhall s2a

Example 6:
Solve the following game using Algebraic method:

player (Q)
Y (1Y)
Xy
player (P)
(1-X)
Solution :
player (Q)
Y (1Y)
X
player (P)
(1-X)

) Al i) e el iy 4 sl aalil 5l o ilud 0 5S5 g 31 bl sy g oY S
AV e B Ly
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2Xx+3(1-x)=5x+(-3)(1-x)
2X+3-3x =5Xx—-3+3X

3-X =8x-3

6 =9x

A e
2y+5(1-y)=3y+(-3)(1-y)
2y+5-5y =3y-3+3y

5-3y=6y-3
5+3=64+3y
8=9y
] _ 8
o y_g
1
1-y=-
i - . 1
9 9
6 B 5
9
E_ e -3
9

The value of game = 2 x (—Z) +3 (% )
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Arithmetic method 4sbwad) 48 ) ; Lils
P AV O shaal) ais iy bl zilas Ja 8 dplaal) 45y Hhal) alaaiuy
S gtall g 3aee W) G (1) (B S padl Al sl Jals 2
+ AV sacall aladiuly dadl i) IS aladiul 4 dlayl 3
Qi) 3 @l )
—L@J : B _ Aoa) i U8 aladied) Lo
G Al & sana
Example 7 :
Determine the optimum strategies and the value of the following game using
the Arithmetic method:

player (Q)

player (P)

Solution: -
6
5 N —
9
3
B 3 S
9
1 8
8 1
'
9 9
6 3 21
The value of game =2 () +3 () ==~

The Graphical Method 4zl 48y jlal) aladsiady o Gl
Ay} (5585 Ladie 48y ylall oda 238505 (g Jah (ol yind 4al (e U aa) () 5S; Ladie o addios
10 55 Ak 2a Y 5 (N*2) 5 (2*%N) Bl el

Example : use the Graphical method to determine the optimum strategies and the
value of the following game
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(Y) e
Yi Y,

X1 -1 5
(X) =M X, i

X3 4 0

Y e Alad MW ) sna a1
Y Lol 2 llaadlf 335 X e S )y ik 33a3 2

(Y1) 2gead) (Y,) 2saad)
dda3 A ddadl)
PRS- Al
(V)= S| g enmy Cial Maximum 5 (Y) =

4 4
3 3
2 2
1 1
0 0
-1 1
-2 -2
-3 -3
-4 -4
-5 5

Sl el adali dads Jia G8Y) Bal)l ) (Ldisall) L lad) daludl b ddai o8l
X aial 2.3 =5 jluall dad mivin Sl JSA IR e g J Y1 caall oy @l g GG
re ) & o) Sy Claadd) i) aaadl
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(Y) w30

Y.
Xz 4
3 4 =
(X) == X, 3
4 3 =
£ 4
4 3
. 3
7 7
, . 4 N 3
8)_lwall 4a® The value of game =4 * U —
16
-7

Example 8 : Solve the following game:

(B)
Yl Yz Y3 Y4

;| 9 6 7 5
X, e 3 mmEdn 6
(A)
Xs| 12 8 18 4

X4 8 7 13 -1

Solution: -

19 6 7 5

12 8 18 4
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(B) =30
Yy Y,

(Y2) 25l

6 7 5
3 14 6
8 18 4
7 13 -1
6 5
3 6

I 8 4

X| 7 11
6 5 X1
3 6 — R (A) - [
8 4 X3
(Y1) 45a)

9

g 3

7

6

5

4

3 Optimum point

2 A B ) @Y

1

ol LS 31l (5K Gl Jadll Cadad 131 (2) 5 (1) (adl ool e o ) i) Al
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3
Xy 6 5 — =
1
X i
2 3 6 3 i y
301
1 3
1 s
4
* 1 * 3
The value of game = 6 T+5 N
ol
4 4
21
=—=53
4

Use linear programming i) A sl aladiady ; bl

Example 10:
Determine the linear programming model for the following game:
(B) =3
2 3 d
(A) c=3 1 2 3
4 i 3

Solution: -

sl gladl)
(b WS A e 3 &l s o) s L]
P1 3)33 dwﬁt ‘;}Y\ a.g;gd\)h‘X'\ g_ud.}
P, 538 Jlaialy 40l Aa gl i) Caly
P 3,8 Jlaialy 23N Lasi) V) caely
b WS B e U & LA o) i
Qy 5038 Jlaialy I g¥) a1 Caly
Q; 5,38 Juaialy A L) jinY) ol
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Qu 5% il T sl ¥l ol

B e dga s a3kl 2

s OsSeo plai dga g b (Sale JB ) o il Qs B e DU J sla

MinZ=V aagl) dla

2Q:+3Q,+0Q; =V .... (1)
Q1 +2Q,+3Q:< V... (2
4Q:+Q+2Q3 <V .....(3)
Qi+ Q+Q3=1.......... (4)

Q1, Qz, Q3 = Joua

;J};\ﬂ\dﬁﬁ

V e 38 US sk ais a1 cailad) 8V e Galidl G il 3

o U tg® g% g T
v v v

1 oz | gula . | mm
v v v
48, @ 5B
% % %

Q , Q , Q =i
% % % %

Q1 Q2 Q3>O

v'v' v —

QU 7

v B

Q2

v - 12

QB _

V_3

2Y,+3Y,+0 <1
1Y, 9 3 IS
AY,+1Y,+2YV; <1
G+ Gt B
Y1, You X3 20

1)
(2)
(3)

o (4)

1 5al) 35 o
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MinZ=—=¥,+ Y, + 1
=MaxZ=V=Y,+ Y, + Y3
ol LS 3 gl S SRV ()
Max Z=Y, + YJ+ 15
Sub to:

2Y,+3Y,+0¥:=1...... (1)
1Y, +2Y,+3V:<1.... (2)
AY, +1Y,+2YV;<1...... (3)
Y, Yo 3 =0

il 1 gk Al Lo 15 e o8y a3 el o3e gl Ul (g
A e

Example 11: A company management and the labour union are negotiating a
new three-year settlement. Each of these has 4 strategies:
I: Hard and aggressive bargaining

I1: Reasoning and logical approach
I11: Legalistic strategy
IV: Conciliatory approach
The cost to the company are given for every pair of strategy choice.

Company Strategies

Union Strategies I 1 Il %

I 20 i 12 35

1 25 14 8 10

Il 40 2 10 5

v -5 4 11 0

What strategy will the two sides adopt? Also determine the value of the
game

Solution: -

Applying the rule of finding out the saddle point, we obtain the saddle
point which is enclosed both in a circle and a rectangle as shown below:
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Company Strategies

Union Strategies I 1 i v Row Minimum
I 20 15 35 12 <«—— Maximin
1] 25 14 8 10 8
1 40 2 10 5 2
v -5 4 11 0 -5
Column Maximum 40 15 12 35
TMinimax

Since Maximin = Minimax = Value of game = 12, therefore the company
will always adopt strategy Ill-Legalistic strategy and union will always
adopt strategy 1-Hard and aggressive bargaining.

Example 12:

Players A and B play a game in which each has three coins, a 5p, 10p and a
20p. Each selects a coin without the knowledge of the other's choice. If the sum
of the coins is an odd amount, then A wins B's coin. But, if the sum is even,
then B wins A’s coin. Find the best strategy for each player and the values of

the game.

Solution: -

The pay-off matrix for player A is given by

Player A
S5p: Ay
10p: A,

20p: Ag

Player B
5p: B; 10p: B, 20p: B;
-5 10 20
5 -10 -10
5 -20 -20

The pay-off matrix has no saddle point. While we try to reduce the size of
the given pay-off matrix, it may be noted that every element of column B3
(strategy B3 for player B) is more than or equal to every corresponding
element of row B2 (strategy B2 for player B). Evidently, the choice of
strategy B3 by the player B will always result in more losses as compared to
that of selecting the strategy B2. Thus, strategy B3 is inferior to B2. Hence,
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delete the B3 strategy from the pay-off matrix. The reduced pay-off matrix
Is shown below:

Player B
Player A B, B Bs
Ay -5 10 20
A, 5 -10 10
A3520 ......... =

After column B3 is deleted, it may be noted that strategy A2 of player A is
dominated by his A3 strategy, since the profit due to strategy A2 is greater
than or equal to the profit due to strategy A3, regardless of which strategy
player B selects. Hence, strategy A3 (row 3) can be deleted from further
consideration. Thus, the reduced pay-off matrix is:

Player B
B. B, Row Minimum
A, -5 10 -5
Player A
A, 5 -10 -10
Column Maximum 5 10

This matrix also has no saddle point. Thus solution to this game can be
obtained by applying any of the methods used for mixed-strategy games as
discussed later. The optimal strategies for two players are A: 1/2, 1/2 and B:
2/3, 1/3 with V=0.
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Example 13:
Solve the game whose payoff matrix is given below:

Player B
Player A 1 2 3 3 5
| 1 3 2 7 4
1 3 4 1 5 6
i 6 5 7 6 5
AV 2 0 6 3 1

Solution: -

The payoff matrix has no saddle point. From player A's point of view,
strategy 1V is dominated by 111, yielding the reduced 3 x 4 payoff matrix.

Player B
Player A 1 2 3 4 5
I 1 3 2 7 4
I 3 4 1 5 6
i 6 5 7 6 5

Similarly, in this reduced matrix strategy 4 of player B is dominated by 1
and 2. Also strategy 5 is dominated by 2.Thus the reduced payoff matrix
after deleting columns 4 and 5 becomes.

Player B
Player A 1 2 3
| 1 3 2
1 3 4 1
11 6 5 7

In the above matrix, strategy | as well as Il are dominated by strategy IllI.
Therefore, we delete rows | and Il and get
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Player B

Player A 1 2 3

1l 6 5 7

Out of three strategies available to player B, he will use strategy 2 in order
to minimize his losses. Thus optimal strategy for A: 111; optimal strategy for
B : 2 and value of game V =5.

Example 15:
Solve the following game by using the principle of dominance:

Player B
Player A I I i \Y) \% VI
1 4 2 0 2 1 1
2 4 3 1 3 2 2
3 4 3 7 -5 1 2
4 4 3 4 -1 2 2
5 4 3 3 -2 2 2

Solution: -

The payoff matrix has no saddle point. From player A's point of view,
strategy 1 is dominated by strategy 2 and strategy 5 is dominated by

strategy 4. Accordingly, strategy 1 and 5 are deleted. The reduced payoff
matrix becomes:

Player B
Player A I I i v \% VI
2 4 3 1 3 2 2
3 4 3 7 -5 1 2
4 4 3 4 -1 2 2
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From player B's point of view, strategy | and Il are dominated by strategy
IV, V and VI, also strategy VI is dominated by strategy V. Thus after
deleting strategy I, 11 and VI, the payoff matrix becomes

Player B
Player A I v \4
2 il 3 2
3 7 -5 1
4 4 -1 2

In the above matrix no single strategy (of either player) dominates another
strategy. However, strategy V is dominated by the average of strategies |11
and IV, which is: (1 +3)/2, (7-5)/2,(4-1)/2=(2, 1, 3/2)

Accordingly, strategy V is deleted and the payoff matrix so obtained is:

Player B
Player A I v
2 1 3
3 7 -5
4 4 -1

Further, strategy 4 is dominated by the average of strategy 2 and 3. Hence
strategy 4 is deleted. The resulting payoff matrix is as follows:

Player B
Player A i v
2 1 3

3 7 -5
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Solving this game by short-cut method, we have

Player B
2 1 3 12/14 = 6/7
3 7 -5 2/14 = 1/7

probability 8/14=4/7,

Optimal strategy for A :(0, 6/7,1/7,0,0)
Optimal strategy for B :(0, 0, 4/7, 3/7, 0, 0),
Value of the game, VV=1*(4/7)+ 3 (3/7)= 13/7
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1-

COMPANY
STRATEGES

ol daaé aLi)

A company is currently involved in negotiations with its union
on the upcoming wage contract. Positive signs in table
represent wage increase while negative sign represents wage
reduction. What are the optimal strategies for the company as
well as the union? What is the game value?

UNION
STRATEGIE
Ul U2 U3 U4
C1 0.25 0.27 0.35 -0.02
Cc2 0.20 0.06 0.08 0.08
C3]0.14 0.12 0.05 0.03
C4| 0.30 00.14 0.19 0.00

2- In a small town, there are only two stores, ABC and XYZ that

handle sundry goods. The total number of customers is equally
divided between the two, because price and quality of goods
sold are equal. Both stores have good reputation in the
community, and they render equally good customer service.
Assume that a gain of customers by ABC is a loss to XYZ and
vice versa. Both stores plan to run annual pre-Diwali sales
during the first week of November. Sales are advertised
through a local newspaper, radio and television media. With
the aid of an advertising firm store ABC constructed the game
matrix given below. (Figures in the matrix represent a gain or
loss of customers).

Strategy of XYZ
Strategy of ABC Newspaper Radio Television
Newspaper 30 40 -80
Radio 0 15 -20
Television 90 20 50

Determine optimal strategies and the worth of such strategies for both ABC

and XYZ.
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3- two breakfast food manufacturers, ABC and XYZ are
competing for an increased market re. The pay-off matrix,
shown in the following table, describes the increase in market
share for ABC and decrease in market share of XYZ.

XYZ
Give Decrease Maintain Increase
ABC Coupons Price Present Strategy Advertising
Give Coupons 2 -2 4 1
Decrease price 6 1 12 3
Maintain present strategy -3 2 0 6
Increase Advertising 2 -3 7 1

Determine optimal strategies for both the manufacturers and the value of the
game.

4- Two Firms A and B have for years been selling a competing product

which forms a part of both firms' total sales. The marketing executive of

Firm A raised the question: “‘What should be the firms' strategies in terms

of advertising for the product in question’. The market research team of

Firm A developed the following data for varying degree of advertising:

(1) No advertising, medium advertising, and large advertising for both
firms will result in equal market shares.

(2) Firm A with no advertising: 40 per cent of the market with medium
advertising by Firm B and 28 per cent of the market with large
advertising by Firm B.

(3) Firm A using medium advertising: 70 per cent of the market with no
advertising by Firm B and 45 per cent of the market with large
advertising by Firm B.

(4) Firm A using large advertising: 75 per cent of the market with no
advertising by Firm B and 47.5 per cent of the market with medium
advertising by Firm B.

(a) Based upon the foregoing information, answer the marketing
executive's questions:
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(b) What advertising policy should Firm A pursue when consideration is
given to the above factors: selling price, Rs 4 per unit; variable cost
of product, Rs 2.50 per unit; annual volume of 30,000 units for Firm
A; cost of annual medium advertising Rs 5,000 and cost of annual
large advertising Rs 15,0007 What contribution, before other fixed
costs, is available to the firm?

4- Two competitors are competing for the market share of the
similar product. The pay. in terms of their advertising plan is

shown below:
Competitor B
No Medium Heavy
Competitor A Advertising Advertising Present Strategy
No Advertising 10 5 -2
Medium Advertising 13 12 15
Heavy Advertising 16 14 10

Suggest optimal strategies for the two firms and the net outcome thereof.

5- : Solve the game whose pay-off matrix is given below:

Player B
Player A B1 B, Bs B.
A 3 2 4 0
A, 3 4 2 4
Az 4 2 4 0
A, 0 4 0 8
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EX:2

Alternatives

High
Expand 50000
Construct 70000
Subcontract | 30000

State of nature ( product demand )

Moderate Low Nil

25000 25000 45000
30000 40000 80000
15000 1000 10000

The maximum average pay off = 8.500

Expected pay off

50000+25000—25000+45000
Expect = A = 1.25
70000+30000—40000+80000
Construct = ; = —5.000
30000+15000—1000—10000
Subcontract = = 8.500

4

Maxi min criterion ( Wald criteria) a3l jlaa 2-2-4-7

a8 aad ot 2l o3 (e JUis &5 Cia S 3 Al A0 23U Ll 138 s sa
s Minmax 32V leie 330 5 Caa € a8 el Al el s Wl LY
VLAY ¢ gl lun 8 202 Sl 58 o slul) 3] ) jal e ¢ gl G

Gl QU 8 50,0 sl bl alascinly Jleal) 138 Can say JiaY) ) 3l Gilsial L Lag

LY EN]
‘ -
Silad)
(1) 4 3
(2) 8 o
(3) 2 1

maxmin
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Ex:4 (gL an)
Alternatives State of nature ( product demand ) “Minimum
High Moderate
Expand 50000 25000 - 25000 45000 - 45000
Construct 70000 30000 - 40000 80000 - 80000
Subcontract 30000 15000 - 1000 10000 - 10000
Maxmin = - 10000

Optimistic criteria Or Maximax criteria J34ill jlaa 3-2-4-7

A kel 5 3Rl ail (e Fad o) RS 5 Cia S 8 dad Slot a5 Allal) oa 3

sl e

(oY dls ) 1 EXS

(1) 4 3 5
(2) 8 -2 9
(3) 2 1 3
(2) & Jad¥) Jonil

Min (Min ) J8) Leia JUAS &5 Ciua JS 8 4ad J8) 330 Cidlsal) s 8 ; Adaadla

226




(zloY s ) 1 EX6

Alternatives State of nature ( product demand ) Maximum

High Moderate Low Nil of e
Expand 50000 | 25000 - 25000 - 45000 @ 50000
Construct 70000 | 30000 - 40000 - 80000 ' 70000
Subcontract | 30000 | 15000 - 1000 - 10000 @ 30000
Maximax = 70000

Hurwiez Criteria Coeffcient Realism 48l sl jlaa o) Ju5 98 e 4-2-4-7

b By g Jalaa ) il )80 2aa o gy Cum a3LEN 5 SN Cp Jlamall 138 meny
(1-a) OsSiu a3l s mouall aal gl 5 dall (s adia Cus (@) A e Jstall)

5 AN e 236 23 (0.3=0.7-1) a3t s ol (0.7) kil A cals 13 Willia i

(1) 5
(2) 9

a il
asbill 5 Jslll jlee z A0 5 JUa 833 ) 6l 48 hims SR (0 - EXT

Db WSy

BN Jalasl) e ejbiﬁ\ Sz
Jalaad)

(1) 5 3
(2) 9 -2
(3) 3 1

1-0.7=0.3 » 3Ll Lo 5 (0.7) Skl Ruwss om i

*(0.7)+3*(0.3)=3.5+0.9=4.4
*(0.7) +(-2) *(0.3) =6.3-0.6 =5.7

(3) 7*)0.7)+(1)*(0.3)=4.9+0.3=5.2
SSYI g (2) ded) B Y 2l ik B sl Y (2) 5 JomiY) il
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Savage criteria ( pl) ) gl Jlaa 5-2-4-7
- A @l ghaall Slaiely ZlYI Al & B ) Al Jaea gl a5y bl 13¢) o gy

At A8 ghal) 5 g8l G ghina (g gae JS b Aad S) (g 3 gaal) a8 JS ki 1
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Gl Wtia Ja 4 bl 138 2o b ek

(&8 dbsias ) -1 EX8

<yl | - N
Jilad)
(1) 4 3 5
(2) 8 = 9
(3) 2 1 3
adl) PEPTIN
<ylad) | - TN adll) jluza
Jilad)
(2) 4 0 4 4
(2) 0 5 0 5
(3) 6 2 6 6

w2l e 3 Aa8 B (1) diad) sa Jomi Joad
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Ex9 :- ( cLoY )

Alternatives State of nature ( product demand )
High Moderate @ Low Nil
Expand 50000 25000 - 25000 - 45000
Construct 70000 30000 - 40000 - 80000
Subcontract | 30000 15000 - 1000 - 10000
3sae JS dAad )8 70000 30000 -1000 -10000
Sol : i dgee IS A Al pS) e 32 Y) ol s )k
Alternatives State of nature ( product demand ) Miximum of
High Moderate Low Nil row
Expand 20000 5000 24000 35000 35000
Construct 0 0 39000 70000 70000
Subcontract 40000 15000 0 0 40000

Minimax = 35000

;i) Al b

ot ATl A8 ghian 53 ganll af aren (e 3gae IS B AaE gl (8l & ki -1
a2ill 48 ias

il 3 gae (4 5SEl Coa IS A dad Sl a2

el 3 gee 8308 JB) a3 sa JiaY) doadl -3
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Gl g liiall aal a sl Jysad il Jiad Al 5 oSl 48 han L e - EXT0
&LAS&.N\A«AM&}.A@JJLJSHM\

<ylald) | < N
Jilad)
(2) 40 20 6
(2) 60 30 9
(3) 70 20 3

A0y el e s JRY) bl alagl o glhadl) g
o=y Jbma -]
e}\ .::\.;“ J1 SL Y _2
Jlal) L e 3

% 80 duzdl I Julaa I 3508 JL_wma -]
(pail)) Zlla L -2

Y s -]

40+20+6 _ 66

(W= —
60 +90 + 9 159
(2): = =53
3 3
70+ 20+ 3 93
(8) = = — =31
3 3

S A8 (1) el sp it o
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3:9\_&'\3\ a2

Jilal) ag—id) jla
(1) 40
(2) 60
(3) 70

Min (Max ) 28 B8 @ 5 (1) dadl s Juzdl ol

d:g‘._ifﬁ\j._wna_3
(cia JS 8 ) dhay JS0 Aals 8 as
(1) 35hall & Min Min st adl oo JiV) dadll Hliss

il e
J g\l
‘ 6
= 9
= 3

(=) 52 Jazadl )
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(98 ) Aol a4

Jilad) IS Jlaa | a3l Jlas
% 80 % 20

(1) 6 40

(2) 9 60

(3) 3 70

(1) dll= 6(%80)+40(%20)=48+8=12.8

(2) dll= 9(%80)+60(%20)=7.2+12=19.2

(3) dll= 3(%80)+70(%20)=2.4+14=16.4

Jemd¥) 5o (1) Jeadl e

ik 2 ganll ol (e dgee IS 8 A jrial okl CallSS A8 iiadl) 0 plailly -]

el 3 gee o3 see (S dua (Cuall ) diy JST A HS)aaas D

( Min Max ) Jie¥) daadll Jics aill 3 gac 8 dad B -3
D A8Y) aaill 48 ghian il 3 gae IS 8 dal Bl 5k die Wl A

AN EN] | - 2 adil) jLea
0 0 3 3 ( min max)
20 10 6 20
30 0 0 30

(Aad Jil ) JiaY) dpdl 58 (1) Jad
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Decisions Under Risk  3_halaall 35 & i jal) 3|

)l cal ) Al e an 1) E gan i Laial i Al A ool g allall oda b
Maie s L gand Jlaial Gllia Ji A gean 5 48 5 yra Cand prdall YA ) Caas AllaiaY|
Gy 5 Jia¥) Jad) jlaia) 4 glaa 85 jlalacall da oy Lty o)) )l daie Sl ey
lgie Baaxie yulaa aladindy Lpepdal) WL a5l alascinly

Explected Montary Value (EMV ) 4—a8 giall 4_llall &—adl) L4 -]
Explected Opportunty Loss ( EOL ) &—=é giall dailial) da i) L—a -2

Explected Montary Value (EMV ) 4A—3giall d_lall Ao} JLsa -]
LAY ) shaall oLl Ll oy 5 Aad sl Al jlma L) adle 3ty

Aalidall dmpdall OV 5 oy IS CualSay J gl -]

Juals gend 5 leVlaal (Caa J€) dls IS0 46 giiadd) af (e Gad JS o -2

1 5 (2) sshall e () S ) &l LSl #L ] Jia 4 siead) culS 13 -3
A JaY) ) el Joal) lias Calls Jiad 48 shadl) cuilS

3aad A Aad gial) Al Jlae aladiul Gigllad) 5 il e ddshas SY)EXT

Axd gial) ALl Al 33 yka alasinly JiaY) Jal

(gL )
0.2 0.3 0.5
Al A2 A3
(1) 20 60 30
(2) 30 50 50
(3) 10 40 20
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EMV (1) =20(0.2)+60(0.3)+30(05)
=4+18+15
= 37

EMV (2) =30(0.2)+50(0.3)+50(0.5)
=6+15+25
= 46

EMV (3) =10(0.2)+40(0.3)+20(05)

=2+12+10
=24
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Expected apportunity Loss Criterion 4—a3 gial) dailal) da jill L—pa -2
(EOL) Or Expected value Of Rrgrets

2 el paliail it Jiai 5 (EOL ) Al siall da dll 5 jlud Q8D Jane jriny
Joadl 5 V) aall I leall L (mda ) A oo s dapdall ddbiaall oY)
- AgY) @l shaall aii L) Joa gill 5 JiaY)

L}gmdﬁcb)‘i\ﬂﬁm# |

Cauall 84ad o) (i Caa JS 82l S 7l DA (e dua il 5 jled a0
dganll Adad el (a3 ganll ad JS 7 s Mdie saec ) Jidi Jiladl culS 1

ﬁu\'é‘)\.u;t_\)aé.a)kucd.\mdﬂ(EOL) MM\M‘)AS\BJL&;&_\&A - B

J8l s lud (5 Al s JuzadV) Jpadll — o

43y e Leadtise JiaY1 Jaadll s slladll 5 (ZLLY) Jidd ) ada 48 ghame Y1 EX2
A2l da jall jlaa

0.2 0.3 0.5

darula CNLA g A2 A3
(1) 20 10 50

(2) 40 30 40

(3) 30 20 60
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(25anl 8 3a8 S| (e 3 ganll o pren = 5l (51 sk e ) aaill 4 shian ) Al

EMV (1) =20(0.3)+20(0.2)+10(05)

=6+4+5
=15

EMV (2) =0(0.3)+0(0.2)+20(0.5)

=0+0+10
=10

EMV (3) =10 (0.5)+10(0.2)+0(0.5)

=5+2+0
—

0.2

Al

20

10

0.3

A2

20

10

0.5

A3

10
20

(3) ol sa 5o dad J8 o) s Juzad¥) Joadll .
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: EX3
Loadinee Jia¥) o) o o) (oS 48 siiaa (gildl JUiall 852 ) 5l 44 siaall o)) (2 il

0.3 0.2 0.5

Al A2 A3

20 10 50

(2) 40 30 40

(3) 30 20 60
: Jall

9 dapdal) el
alaial)

0.3 0.2 0.5

Al A2 A3
(1) 0 0 10
(2) 20 30 0

(3) 10 10 20
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EMV (1) =0(0.3)+0(0.2)+10(05)
=0+0+5
=5

EMV (2) =20(0.3)+20(0.2)+0(05)
=6+4+10
B0

EMV (3) =10(0.3)+10(0.2)+20(0.5)
=3+2+10
=15
(3) dadl s 5anidad Jil Jaadl sa Juadl) Joadll

Ex4 :- Following table represend 12 possible pay offs for the manu
factuing companys expansion decision

Alternatives State of nature ( product demand )

High Moderate | Low Nil
Expand 50000 25000 - 25000 - 45000
Construct 70000 30000 - 40000 - 80000
Subcontract 30000 15000 - 1000 - 10000

Assumed a=0.8
Determine optimum decision using :

1
2
3
4

Criterian of optimism ( Maximax )

Criterian of pessimism ( Maximin )
Minimax Regret criterion ( savage criterion )
Huwicz criterion ( criterion of realism )
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1- Maximax Criterian or Criterian of optimism

Alternatives State of nature ( product demand ) Maximax
High Moderate Low Nil Of row
Expand 50000 | 25000 - 25000 - 45000 50000
Construct 70000 30000 - 40000 - 80000 70000
Subcontract | 30000 | 15000 - 1000 - 10000 30000

Maximax = 70000
2- Maximin Criterian of pessimism ( wald Criterian )

Alternatives State of nature ( product demand ) Minimum
High Moderate Low Nil Of row
Expand 50000 | 25000 - 25000 - 45000 - 45000
Construct 70000 | 30000 - 40000 - 80000 - 80000
Subcontract | 30000 | 15000 - 1000 - 10000 - 10000

Maximin = - 10000

3- Minimax Regret criterion ( savage criterion )

s Y IS
Alternatives State of nature ( product demand ) Max num
High Moderate Low Nil Of row
Expand 20000 50000 24000 35000 35000
Construct 0 0 39000 70000 70000
Subcontract | 40000 15000 0 0 40000

The Minmax = 3500
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4- Huwicz criterion ( criterion of realism)

EMV (1) =50000(0.8) - (0.2) (45000)
= 40000 - 9000
= 31000

EMV (2) =70000(0.8) - (0.2)(80000)
= 56000 - 16000
= 40000

EMV (3) =30000(0.8) - (0.2) (10000)
= 24000 - 2000

= 22000

The optimum 40000
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Proportion of total area under the normal curve from — « o z. =

TABLE C-2

‘where z = i o
z oy (@) 'z v (2) z v (2) z v (2) .
0.00.  0.5000 0.65 0.7422 1.30 09032 195  0.9744
0.01  .0.5040 0.66 0.7454 . 1.31 0.9049 1.96.-  0.9750
0.02  0.5080 .  0.67 0.7486 1.32 0.9066 1.97  0.9756
0.03  0.5120 0.68 . 07517 - 133 0.9082 1.98 - 0.9761
0.04 0.5160 0.69 0.7549 1.34 09099 199  0.9767
005. 05199  0.70 0.7580 1.35 09115 2.00  .0.9772
006 . 05239 0.7l 0.7611 1.36 09131  2.02  0.9783
0.07 0.5279  0.72 0.7642 1.37 10.9147  2.04  0.9793
0.08. 05319  0.73 0.7673 1.38 0.9162 2.06  0.9803
009 ' 05359  0.74 0.7703 139 . 0.9177 ~2.08 - 0.9812
0.10  0.5398 0.75. 0.7734 1.40 09192 2.10-- 0.9821 -
0.11 0.5438 0.76 0.7764 1.41 0.9207 212 0.9830
0.12.  0.5478 - 0.77 0.7794. 1.42 0.9222 2.14-° 0.9838
0.13. 05517 078 0.7823 1.43 0.9236  2.16- 0.9846
0.14 0.5557  0.79 = 0.7852 1.44 0.9251 2.18 - 0.9854
0.15  0.5596 0.80 0.7881 1.45 0.9265 2.20-" . .0.9861
0.16 035636 - . 0.81 0.7910 1:46 0.9279  2.22  0.9868
0.17. ..  0.5675 0.82 0.7939 1.47 0.9292 2.24 0.9875
Q.18...,05714 .. 083 <. 0.7967 1.48 0.9306 2.26 -~ 0.9881
0.19  .0.5753 0.84 - 0.7995 - 1.49 0.9319 228 - 0.9887
020 ... .0.5793 - 085 - 0.8023 1.50 0.9332  2.30 0.9893
021..... L5830 0.86 0.8051 1.51 0.9345 232 0.9898
022, 0.5871 087 - 08078 . 1.52 0.9357  2.34 0.9904
0.23 05910 . 0.88  0.8106 1.53 0.9370  2.36 . 0.9909
024 - .0.5948  0.89 0.8133 1.54 0.9382 238 - 0.9913
025 0.5987 0.90  0.8159 1.55 0.9394  2.40 0.9918
026 0.6026 0.91 0.8186 1.56 0.9406 2.42 0.9922
0.27 0.6064 0.92 0.8212 157 0.9418 2.44 0.9927
0.28 0.6103 0.93 0.8238 1.58 0.9429  2.46 0.9931
029  0.6141.  0.94 0.8264 1.59 0.9441 248 0.9934
030 . 0.6179 095 0.8289 1.60 0.9452 250 - 0.9938
031 - 0.6217 096 - 0.8315 1.61 0.9463 2.52 0.9941
032 . .0.6255 0.97 0.8340 1.62- 0.9474  2.54 0.9945
033  0.6293 0.98 0.8365 1.63 0.9484  2.56 0.9948
1 0.34 0.6331 1.99 -~ 0.8389 1.64 0.9495 258 . 0.9951
0.35 0.6368 * -1.00 0.8413 1.65 0.9505 '2.60-  0.9953
0.36 0.6406 1.01 0.8438 1.66 . 09515 2.62 0.9956
0.37 0.6443 1.02 0.8461 1.67 09525 2.64  0.9959
0.38" " 0.6480 1.03 0.8485 1.68 0.9535  2.66 0.9961
--039.  0.6517 1.04. 08508 . 1.69 0.9545 268 0.9963
0.40 0.6554  *1.05 0.8531 .70 09554 270 0.9965
0.41 0.6591 1.06 0.8554 171 0.9564 2.72 0.9967
042 0.6628 1.07 0.8577 1.72 0.9573 274  0.9969




| I

S < B

043 06664 108 08599 0.9582 276  0.9971
044 06700 109 08621 174 09591 278 09973
045 06736  LI0 08643 175 09599 280 . 0.9974
046 06772 LIl 08665 176 09608 282 . 0.9976
047 06808 112 0868 177 09616 284 . 09977 -
048 ~ 06844  LI13 08708 178 09625 286 0.9979
049 06879 L4 08729 179 09633 288 09980
050 06915 LIS 08749 180 . 09641 290 09981
051 06950 116 08770 181 09649 " 292 09982
05206985  L17 08790 182 09656 294 0.9984
05307019  LI8 08810 183 09664 296 0.9985
054 0705 119 08830 184 09671 298 09986
055 07088 120 08849 185 09678 3.00 . 0.99865
056 07123 121 08869 186 09686 320 099931
057 07157 122 08888  1¥7  0.9693 340 0.99966
058 07190 123 - 08907 © 188 09699 3.0 0.999841
05907224 124 08925 189 09706 380  0.999928:

060 07257 125 08944 190 09713 400 - 0999968
061 07291 126 08962 191 09719 450 . 0.999997
062 07324 127 08980 C192 09726 5.00.  0.999997
063 07357 128 0897 193 o932 .. .
064 07389 129 . 09015 194 09738
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