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Lecture (1)

Formal Languages

Head Lines

o Alphabet
o Sentences or strings
e Rules

o Languages

«————-—_»

* Sentences : (C++ PL) “ cout>>X .

seeee

to the school”
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l— Languages l
Formal Languages Natural Languages
(FL) (NL)
The FL is a set of strings. In turn, a string is a The NI is the language of the declaiming and
finite sequence of letters from some alphabet. understanding of humans.
The main characteristics are: The main characteristics are:
It doesn’t care about meaning of * Each sentence should have a meaning
sentences. to belong for the language.
* It has a syntax system only. * It has two systems, syntax and semantic
* Examples: programming languages |, systems.
sets , strings, ..... » Examples: Arabic , English , Japanese

(Set) “00,01,10, 117 * Sentences : (English) “Ahmad is going
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o Alphabet (%)

Definition (Alphabet): An alphabet X is any finite set. We often write X = {al, . .., ak}.
The ai are called the symbols of the alphabet.
Examples: X={a}, X={a,b,c}, 2={0,1} ,Z2={a, B, 7,9, 0, A, &, ¥, ®, W, v, p,

G’n’é’c}

The alphabet of a formal language consist of symbols, letters, or tokens. So,
the alphabet of L is the set of all symbols that may occur in any string in L. For example,
if L is the set of all variable identifiers in the programming language C, L’s alphabet is
theset{a, b,c, .., X, vy,2,A,BC, .., XYVY,2012..,7,89 }

o String
The symbols of alphabet that concatenate into strings of the language. Each string
concatenated from symbols of this alphabet is called a word, (or sentence) and the
words that belong to a particular formal language are sometimes called well-formed

words or well-formed formulas.

For example, using the binary alphabet {0,1}, the strings ¢, 0, 1, 00, 01, 10, 11, 000,
o}

Example: if Y ={a,b,c} then some of language strings are {abc, aaba, baacc, aabc, .....}

e Rule and Language

Rule is the written condition that is defined over an alphabet to describe a language.

Example:
Let Y ={a,b} and the rule is (all strings has 3 letters length }
Then Language (L) ={aaa, aab, aba, baa, abb, bba, bab, bbb}

Example:

Let Y={0,1}

Rule={Each word begin with 00 and end with 11 and has 6 letters}
Then L={000011, 000111, 001011, 001111}

S
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Example:

2={1x2y}

Rule=(Each words has all alphabet symbols in one recurrence, and begin with number)
L={1x2y, 12xy, 1xy2, 12yx, 1y2x, 1yx2, 21xy, 21yx, 2x1y, 2xy1, 2y1x, 2yx1}

Note: Empty string denoted by € or *, is belongs to any formal language, the length of empty

word is 0.

If >={} then L={o}

Example:

y={0,1}

Rule=(all words has odd '1' and even '0}

L={1001 0011101011100 1101000 .....}
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Lecture (3)

Formal Languages

Head Lines

o Regular Expressions and formal languages

«——————-»

Regular Expressions ( RE ) and formal languages(FL)

A regular Expression(denoted it by RE) is a mathematical notation of the

linguistic operations to describe a formal language.

Closure Properties of Reqular Expression

Regular Expressions are used to denote regular languages. An expression

is regular if:
« RE=¢ is a regular expression for regular language ¢.
« RE=eis aregular expression for regular language {&}.

. Ifa e X (X represents the input alphabet), RE=a is regular expression

with language {a}.

« (Union property) If a and b are regular expression, RE=a + b is also

a regular expression with language {a,b}.

« (concatenation property ) If a and b are regular expression, RE=ab

(concatenation of a and b) is also regular.

o (power closer property) If a is regular expression, RE=a* (x times a)

is also regular.



http://quiz.geeksforgeeks.org/toc-finite-automata-introduction/
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« (plus closer property) If a is regular expression, RE=a* (1 or more

times a) is also regular.

« (Kleene closer) If a is regular expression, RE=a* (0 or more times

a) is also regular.
Note: Kleene closer property = plus closer property + ¢

Definition (regular Language (RL)): A language is regular if it Can

be expressed in terms Of regular expression.

Closure Properties of Reqular Languages

Union : If L1 and If L2 are two regular languages, their union L1 U L2

will also be regular. For example, L1 ={a" |n>0} and L2 = {b" | n >0}
L3=LluL2={a"ub"|n>0}isalso regular.

Intersection : If L1 and If L2 are two regular languages, their intersection

L1 N L2 will also be regular. For example,
L1={a™b"|n>0and m >0} and L2= {a" b" U b"a™ | n>0and m > 0}
L3=L1NL2={a"b"|n>0and m> 0} is also regular.

Concatenation : If L1 and If L2 are two regular languages, their

concatenation L1.L.2 will also be regular. For example,
L1={a"|n>0} and L2 = {b" | n >0}
L3=L1.L2={a™.b" | m>0and n>0} is also regular.

Kleene Closure : If L1 is a regular language, its Kleene closure L1* will

also be regular. For example,

L1=(aub)

S
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L1* = (a U b)*

Complement: If L(G) is regular language, its complement L’(G) will also
be regular. Complement of a language can be found by subtracting strings

which are in L(G) from all possible strings. For example,
L(G)={a"|n>3}
L’(G) = {a"|n <=3}

Some RE Examples

Regular Regular Set

Expressions

(0 + 10%) L=1{0,1, 10, 100, 1000, 10000, ... }
(0%10%) L= {1,01, 10,010, 0010, ...}
O+g)(d+g) L={c0, 1,01}

(atb)* Set of strings of a’s and b’s of any length including the null
string. SoL = { ¢,a,b,aa,ab, bb, ba, aaa....... }

(a+b)*abb Set of strings of a’s and b’s ending with the string abb. So L
= {abb, aabb, babb, aaabb, ababb, .............. }

(11)* Set consisting of even number of 1’s including empty string,
SoL={g, 11, 1111, 111111, .......... !

(aa)*(bb)*b Set of strings consisting of even number of a’s followed by
odd number of b’s , so L = {b, aab, aabbb, aabbbbb, aaaab,
aaaabbb, .............. }

(aa + ab + ba String of a’s and b’s of even length can be obtained by

+ bb)* concatenating any combination of the strings aa, ab, ba 62(‘1
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Example:

Describe the formal language that can be defined by the following

expression:
RE=0"+1* ?

L={~ 000 000 .... 1 11 111 ....... }

Example:
Describe the formal language that can be defined by the following

expression:
RE=(0+1)* 2

L={~010011011011000 001010011 100110111 ...... }

S




General Grammar’s Questions

Q1: Let G1 1s a grammar,
Gl=({a,b,c},{S,T,0},S,P) where p:

S—>aSa | Tbb | Occ |~, Tb—>ac, Oc=2>bc
Then:
1- Describe the G1 language ?

2- Determine five sentential forms and two
directly drives for G1?

3- Classity G1 by using chomsky’ hierarchy ?



* Q2: Let G2 1s a grammar,
G1=({0,1},{S,L},S,P) where p:

« S=>00S|0IL|11S |~, L-=>20]1]10S
Then:
* - Describe the G2 language ?

e 2- Determine five sentential forms and two
directly drives for G27?

* 3- Classify G2 by using chomsky’ hierarchy ?



Question: Describe the formal language that can be defined by:

> ={a,b,c}
R.E.=a"+b*+(ab)?

Solution:

R.E.=RE1+RE2+RE3

RE1-> a” ,L={", a, aa, aaa, aaaa,...}

RE2->b* , L={b, bb, bbb, bbbb,....}

RE3->(ab)? , L={abab}

RE=a"+b*+(ab)? , L={", a, aa, aaa, aaaa,..., b, bb, bbb, bbbb,....,abab}

Question: Describe the formal language that can be defined by
2.=10,1}
RE=(01"+10")*

RE1=01" ,L={0,01,011,0111,....}

RE=10" , L={1, 10, 100, 1000,....}

RE=(01"+10")* 2123
L={0,1,00,11,01,10,0101,1010,0110,000,111,0110111100.....}

Note: Two regular expressions are equivalent if they describe the same
formal language.

Example: Show if the following expressions are equivalent or not:
RE1=(0+1)"

RE=(01)"

L(RE1)={*, 0,1,00,01,10,11,000,001,010,011,100,101,110,111,0000,..}
L(RE2)={*01,0101,010101,01010101,...}

Then the RE1 is not equivalent to the RE2.

Page 1 of 4
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H.W. If you have the RE1=aa"+ b*, then choose the equivalent regular
expression(s) ,for RE1from following Res:

1) RE=a*+b*
2) RE=a(a™+b")"
3) RE= a(ath)"

Theorem ( Kleen’s star ): If Y={x}, Then Y} =Y"=Y"= .

ﬁxample: Let > ={0}, Then \

S ={0Y'={*, 0, 00, 000, 0000, ...}

Y ={0} =, AN, ANALLLL,0,00,000,0000.,....,00,0000,000000,...., 000,000000,
00000000, ...} then, after reduce words redundancy, we get the following words
set:

= {*, 0,00,000,0000,...} = >

Qnd soon(> ™", 3, L) /

Proof:

All words of the set Y are belonging in the set ., and all words of the
set Y are belonging in the set >, and so on for > 7,7, ...

EADIE=TD)E=10 =0 Y

And 37 & Y & Y £ %

Then D =

Page 2 of 4




Evaluating the RE from the formal lanqguage (Set of words)

To evaluate RE from set of words, We should notice the following points:

1- The similar parts in all words.
2- The redundancy in all words.
3- The used alphabet in the words.

Example: Evaluate the RE for the following formal language:
L={011, 0101, 01001, 010001, 0100001,...}

The similar (constant) parts are in the beginning and ending of each word,
and the redundancy part in the middle.

L={01"1, 0101, 01001, 010001, 0100001,...}

Then RE=010"1

Example: Evaluate the RE for the following formal language:
L={ab, c, aab, cd, aaab, cdd, aaaab, cddd,....}

The constant parts in all words are: b in the end of some words, and ¢ in
the begin of others.

L={ab, c, aab, cd, aaab, cdd, aaaab, cddd,....}
RE=a*b + cd”

H.W.
Evaluate the Res of each language in the following:

1- L={", ab, abab, ababab,...}
2- L={010, 101, 0110, 1101, 01110, 11101,...
3- L={02, 102, 022, 11002, 0222, 1110002,...}

Page 3 of 4
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Product of sets

If we have two sets of strings(words) S and R , then we can define the set
of product S*R and R*S as in the following:

S*R : {all words that first part belong in the S, and second part belong in
the R}, this definition is correct on R*S.

Example: If S={0110, 01, 11, 101} , and R={a, ab, bba}
Then compute S*R and R*S

S*R={0110a, 0la, 11a, 10la, 0110ab, Olab, 1lab, 10l1ab,0110bba,
0lbba, 11bba, 101bba}

R*S={a0110, a01, all, al0l1, ab0110, ab01, abll, ab101, bba0110,
bbaO1, bball, bbal01}

From above example, we show S*R # R*S

Example: If X={", x, xx}, and Y={yy, yyy}, then compute X*Y and Y*X

X*Y={yy, VYV, XYY, XYYy, XXyY, XXyyy}
Y*X={YY, YYX, YYXX, YYY, YYYX, YYYyXX}
X*Y£AY*X

H.W:

If X={», 0, 00, 000}, and Y={*, 1, 11, 111}, then compute X*Y and
Y*X?

Page 4 of 4




Example: describe the language that can be defined by > ={0,1,2}, and:

1- RE1=071322
2- RE2=0'112% | where i= odd number less than 8, j=i-1,k=i+j
3- RE3=01°%+12%ve"+ 0* | where x=2%+1

L1={0011122}
L2={02, 0001122222 , 000001111222222222 , 00000001111112222222222222}

L3={01,0111,011111,..., 122, 12222, 1222222,...., 00000}

Grammars

A grammar is a quadruple component. It’s forming from four finite sets:

e A finite set of symbols called an alphabet(small letters), and
denoted it by (0)).

e A finite set of capital letters called variable (V).
e Subset of variable set (V) is called start variable (S).

¢ A finite set of production rules (P), in form : o = 3, where o.p €
Guv)y
So, G=(),,V,S,P)

Note: Each word must be derived from derivation, begin with start
variable and end with the word. In this case the word is belonging in

the formal language that describe by the grammar.

Example: If G=({a},{S,A},{S},P)

|Pagel




Where p: S>a, S> aA, aA 2> aa,aA 2> S

Then describe the language that can be defined by G?

1- S > a (aword)
2- S > aA - aa(a word)
3-S>aA>S>a

So, L={a,aa}
Example: If G=({0,1},{S,A,B},{S},P), where P :

S 2>0A,S>1B,0A 2>00S,0A >0, 1B->11S, 1B>1

Then describe the language that can be define by G?

1- S20A->00S—>000A—>000 (a word)
2- S20A—>0 (a word)
3- S>1B->1 (a word)
4- S>1B>11S>111B>111 (a word)
5- S20A->00S->001B->001 (a word)

So, L={0,000,1,111,001,....}

Question : Let G=({a,b},{X,Y,Z},{Z},P) , where P:
Z~>aXb ,Z—~2>aaYbb, Xb—> aa,aX—>aZ,YB2>bb ,aY>aZ

Then describe the formal language that can be defined by G?

|Page2
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Headlines

o FExamples of the general grammars

e Definitions ( sentential forms, directly drives, derivation )

Let G1 = ({0,1},{S,T,0,1},S, P), where P contains the following productions

S — OT

S — 0OI

T — SI
O — 0
I — 1

As we shall see, the grammar G can be used to describe the set {0"1"|n > 1}.

Let Go = ({0,1,2},{S, A}, S, P), where P contains the following productions

S — 0SA2
S — €
24 — A2
0A — 01

14 — 11

This grammar G2 can be used to describe the set {0"1"2" > n > 0}.

|Pagel
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Example (grammar in English natural language)

To construct a grammar G3 to describe English sentences, one might let
the alphabet )  comprise all English words rather than letters. V would
contain nonterminals that correspond to the structural components in an
English sentence, such as <sentence>, <subject>, <predicate>, <noun>,
<verb>, <article>, and so on. The start symbol would be <sentence>.

Some typical productions are:

<sentence> — <subject><predicate>
<subject> — <noun>
<predicate> — <verb><article><noun>
<noun> — mary
<noun> — algorithm
<verb> — wrote
<article> — an
The rule <sentence> — <subject><predicate> models the fact that a sentence can consist of

a subject phrase and a predicate phrase. The rules <noun> — mary and <noun> — algorithm
mean that both “mary” and “algorithm” are possible nouns. This approach to grammar, stemming

from Chomsky’s work, has influenced even elementary-school teaching.

Definitions

A sentential form

A sentential form of G is any string of terminals and nonterminals, i.e. a

string over YU V .

The directly derives

Let G=(3,V,S,P) be a grammar, and let 71> 72 be two sentential forms of
G. We say that :

1 directly derives o, written v = ¥9, if 141 = ca7, 9o =07, and a — 3

|Page2
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Is a production in P.

For example, the sentential form 00511 directly derives the sentential form 000711 in grammar

G4, and A2A2 directly derives AA22 in grammar Gb.

A derivation

Let /1 and 72 be two sentential forms of a grammar G. We say that :

T ~

[ . f?r . f * fc
1 drives written n=""7

if there exists a sequence of (zero or
more) sentential forms T15--+39n guch that :

M= 01=" "= 0, = 72.

The sequence v; = 01 = --- = 0, = 79 is called a derivation of v from ~;.

For example, in grammar Gy, S = 0011 because
S=0T=0T= 0S5 =051=00I1= 00/1= 0011
and in grammar Gs, S =* 001122 because

S = 0SA2 = 00SA2A2 = 00A2A2 = 001242 = 0011422 = 001122.

|Page3




A Subject Examples of the conversion from RE into RG

Q1/ Find the regular grammar that equivalent to the regular expression
(RE=01100")?

Solution/
G=({0,1},{S,A},S,P)
S=>0110A , A>0A |0

Q2/ Find the regular grammar that equivalent to the regular expression
(RE=abc" ) ?

Solution/
G=({a,b,c},{S,A},S,P)
S=2>abA , A2cA|"

Q3/ Find the regular grammar that equivalent to the regular expression
(RE=(01)"+1%) ?

b

Solution/
G=({0,1},{S,A},{S,A},P)
S=>01S | 1A |~ A2>1A N

Q4/ Find the regular grammar that equivalent to the regular expression
(RE=00110"+1101%) ?

Solution/
G=({0,1},{S,A,B},{S,A}.,P)
S=>0011A |110B |~ , A=>0A |~ , B->1B|1

Page 1 of 2




Q5/ Find the regular grammar that equivalent to the regular expression
(RE=(at+b)" ?

Solution/
G=({a,b},{S},S,P)
S—=>aS|bS|a|b

Q6/ Find the regular grammar that equivalent to the regular expression
(RE= (0+1)" 101+ bba* ?

Solution/
G=({0,1,a,b},{S,A},S,P)
S=>0S|1S|101 |bbA , A>aA|a

Page 2 of 2
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Finite Automata

Definition: A Finite Automata(FA) (also called a finite state machine

FSM ) is a graph consists of six finite sets:

e An alphabet ( ) ) is a finite set of terminal symbols which are

labels of transitions.

e A finite set of state is represented in the graph by circles Q ,
each circle labeled alphabetically or numerically.

e A finite set of transitions is represented in the graph by arrows —>
Each arrow is labeled by alphabet symbol.

e A subset of states set called starting states are remarked by [>
Or (-).

e A subset of states set called final states are remarked by double

circles @ or (+).

Note: Each FA described a formal language. And it considered as word or

sequence recognition.

Note: sequence is recognized by a FA if it starts with the starting state

and ends with the final state.

Example: a FA represents a RE=0(10)"

0
D ©)
|
FA
Page 1 of 4
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Example: a FA represents the RE=a®

Example: a FA represents the RE=a"

With output Without output
Mealy machine < — Deterministic Finite Automata
~ DFA
Moore machine <—

Non-Deterministic Finite
Automata NDFA

—> ¢- Finite Automata (e-FA)

Page 2 of 4
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. 0 .
Finite Automata: @” CrA
Two categories of Finite Automata: \
= Deterministic Finite Automata {DFA) 1

® The machine can exist in only one state at any

given time

% Mon-deterministic Finite Automata [NEA)
® The machine can cxist in muldple states at the

Ramne e 0
\ B
H\- -jl @2
\
0

Example:

Example of Non-Deterministic Finite Automata

(Without Epsilon)

Example
b a ab
Example

s —m—
/ (\/ ‘\“ p /._—\B‘
_’4 a )___’:\ b }—"; : \ ’
4 01 N\_ “/ 01 &/
8% ) - 0,1

Page 3 of 4
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Example (Describe the formal language by using FA)

1 0

1

e First word (0) the path of states is = 01
e Second word (10) the path of states is 2001
e Third word (110) the path of states is = 0001

¢ And consequently, for other words.
So, the language L={0,10,110,...}

Q: Show if the sequence "1100011010" is recognized via the above

machine?
Answer:

We can follow the sequence of states for the bits sequence that should be

starting with the start state:

state 0 0

And the last state, in the table, which the sequence ends with it, it's a final

state, so the bits sequence is recognized via FA.

Page 4 of 4
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Question:

Show if the following sequences are recognized via the following
machine or not?

1-"aaaabbaabb"

2-"bbbaabaaab"

Solution:

1-"aaaabbaabb"

And the last state, in the table, which the sequence ends with it, it's a final

state, so the bits sequence is recognized via FA.

6 of 1Page
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2-"bbbaabaaab"

state |0 |2 1 |2 |2 [2 |1 [0 [1 JO 2

——

And the last state, in the table, which the sequence ends with it, it's not a

final state, so the bits sequence isn’t recognized via FA.

Transition Table (TT)

The transition table describes the transitions of states with each input
alphabet symbols, the head of rows represents states and the head of

columns represents the alphabet symbols.

Example/ for the DFA in the above:

3 a b
S
0- 1+
1+ 0-
2 2 1+
TT

Example/ write the transition table for the following DFA:
0

DO

6 of 2Page
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Y a b
S
A- a A-
a a ab
ab - abb+
abb abb+ abb+
TT

Note: We can draw the FA graph by using transition graph.

6 of 3Page




(omputation Theory Lecture 9 Assist. Prof. Dr. Basim Sahar

Convert a NFA into a DFA
Three steps to convert a NFA into DFA:

e Find the T.T. of the NFA.

e Evaluate the new state(s) and it transitions in the table.

e Draw the DFA and eliminate the death parts in the graph( that not

describing words ).

Example: Convert the following NFA into DFA

| O
a,b
a b
NFA
New state
Find the T.T. and evaluate the new states: /

a b
. y //

0- 0,1)° 1
1+ 0- 1+
(0,1) (0,1) 1

Rename to the state (2) and remark it as start and final state(because of
the state O is start and the state 1 is final)

6 of 4Page




Draw the DFA:

DFA

Example: convert the following NFA into DFA

NFA

6 of 5Page
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e+
f-+
g-+

5 0 1
S
a- (a,b) b
b C (a,c)
c+ (b,c) C
(a,b) (a,b,c) (a,b,c)
(b.) ) @0 |t
(a,c) (a,b,c) (b,c)
(a,b,c) (a,b,0) (a,b,c) i the

Draw the DFA

0,1 0,1
DFA

6 of 6Page
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NDFA

Solution: New states
First step: Finding the T.T. and evaluating the new states.
Y a b
S
0- (0,1 2
1+ 0 (1.2)
2 2 1
(0,1)-+ (0,1) w2 |
(1,2)+ (02). (1,2)
(0,2)- (012 \\ 12 |
(0,1,2)-7/ (0,1,2) \Qz)
New state New state
T.T.
5 of 1Page
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/\ /\ a
0- ° 1+ b 2
a/ / a
b
0,1 1,2 a 02 2 012
- b -+ <— _ -+
V \/ b
b
DFA b

Note: There’s no passive part that does not produce words (does not
accept strings).

Q2/Convert the following NFA into DFA?

0,1
A- ) ( B+
0
0,1
0
5 of 2Page
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D 0
S
A- AB
+

B+ | A’B,_X ____________________________________

A,B-+ A,B
T.T.
New state
Second step: Draw the automata
1 B.|_

Note: There’s no passive part that does not produce words (does not

accept strings).

5 of 3Page
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Transition Graphs

Transition graph can be interpreted as a flowchart for an algorithm

recognizing a language. A transition graph consists of three things:

. A finite set of states, at least one of which is designated the start

state and some of which are designated as final states.

. An alphabet £ of possible input symbols from which the input

strings are formed.

. A finite set of transitions that show the change of state from the

given state on a given input.

A successful path through the transition graph is a series of edges
forming a path beginning at the start state and ending at one of the
final states.

Definition of a Transition Graph

A transition graph is defined by a 5-tuple:

«A finite set of states, Q.

*A finite set of input symbols, X.

*A non-empty set set of start states, S € Q.

«A set of final or accepting states F < Q.

*A finite set, 0 of transitions, (directed edge labels) (u, s, v), where

uuveQandseX

The Lanquage Accepted by a Transition Graph
Let A=(Q, %, S, F, 0) be a transition graph.

*A successful path in A is one that starts in some start state and

ends in some accepting state of A.

L et P be the set of all successful paths in A.
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Some

sLet L be the set of words that are the concatenation of the
sequence of edge labels of A corresponding to some successful
path in A.
* The language accepted by A, denoted L(A) = L.

Observations

«If there is no factoring of a word w that is the concatenation of
edge labels of a successful path in A, thenw & L(A)

Every finite automaton can be viewed as a transition graph.

* Since the reverse is not true, transition graphs generalize finite

automata.

GTG examples:

aa, bb aa, bb
ab, ba .
ab, ba
%
00
1 i+
01 10
5 of 5Page
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a b
1 23 3
2 1 3
3 23 3
4-,+
57 1,231 1,23 3
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a
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32 pbil) DFA 4iSle (& 131 ¢ Cua s 3 Lew 2 s Y Al Sl | (Rl sy
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Transition Graph (TG) (S| Jalaial)

Y ‘Bamw\;ﬂmdﬁd@hm&&u@}

JAI Sy g Liad ) 5l Lol | 3ae 5 3a yi g ¢ Jadadall Jada il g0 Jiad States <¥lall (e 33 g0aa de gena (1
5yl

A sinal) Juddl Al a8 ) ) psa Ssas oas ¢ Y JRaY daadl Hsa) 05SE Hsasll GeBasinade sana (2
VA G YY) agul

S5y ¢ el LS ) e Lea 15 ¢ 2l s Ll e 535 VAl e gana (e i n Ao pana (3
Al e Elia i gl (<) adlas Ll Jadadally

55 A S g g Aae Ladie i« el Vs Ll e 555 YA e gana (0 i e sane (4
ALY e delone s i gy 5l (+) Gadlay Lol Jahaially

A A e JEBY) L s dga ge agal JSE e ph58 ¢ QY G JEEY) 2e) 8 (e B2 g3n0 Ae gena (5
JA dang (o A 5 A e i

: TG s FA (il -adasdl

Uilis o alliid TG 8 agas) Gastie Ll ¢ a1 50 ) e 2al 5 30 (e FA (8 ag¥l o sbie callss (1
TG e diiyn de sane oa FA il Al Lna V) jsay oo S a5 e i e

A aba ‘
TG
FA & oSen e 13 Lain 835k 0o JSL TG (A L 4l Cana 5 Sy (2
B bb a
a
@\ a
b

L omlidg (48 4y gbba 4Kl Can o TG Jlia
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-olia) Caaall ‘;\A:u‘)“ Jahaall ('.\.u)\ - Al
TG=({A,B,C},{0,1},{A,B},{B,C},0)
Where 9 are:

(A,00)=A , (A01)=B, (A,10)=C , (B,01)=A , (B,10)=C , (C,010)=A , (C,111)=B

TG
0,1

1 Jiae

00 11

110

2 Jia

bbb

Page 4 of 9

YV YVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

AAAAAAAAAAAALAAALAALAALAALAALALALALLAALALALALALALALAALALALALALAALAALAALALALALALALALALALAALALALALALLALALALALALALALALAAALLAAALAALAAALAAAAAAALL

AAAAAAAAAAAAAALAAAAALAAAAAAALAAALAALAAAALAALAAALAAALAAAAAALAALALAALALALALAAAAAAAAAAAALAAAAAALDL



YV YVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

YV YVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV]

Computational Theory Lecturer: 11 Assist. Prof. Dr. Basim S. Yaseen

Transition Graph i LhioReqular EXpression (ol i cilaa 44

S lakhdall S el el cLiil LINA ¢ o 585 Caa «Constructive Algorithm asbisl 4 ) s el caa i
A ) gl D shad e o STy ¢

caa g Lal () Akadl Jaladall 3 (VYY) agas) Al ) jaa i day 53 (A () ADall ki o

01,110 01+110
—_
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VA S
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s
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bl Cas g o) e sl VS

A

O~ 0-© - 6—@

101

o1 A 1 ) 01(101)11
O OO

0 10 00(10) 11
00
-
11
D) 00 ((00)"+(2)+(1)")

e —

00(22)°11

22
E)
00 A 33 A 00(22)"33
O=0 — (1)
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11

A+10

Ol e OB, (D b (e G sad ¢ Lgladl s S oA s

11

$10)11

(A+10)02

faal g jlea @AY N Al Al e cpaieall (g luedl s g3

01+((~+10)1

Q (A+10)02
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(01+(("+10)11)(11) " 12

F 32

(7+10)02

Then the R.E.= ((01+(("+10)11)(11)" 12) + ((*+10)02)
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Q/ By using the constructive algorithm, evaluate the RE that equivalent to the
following TG:

0001 =3 00+01

/\

Do &
0+1 € 01 /0

or

First step: convert each (,) sign into (+).

Second step: Because of there are more than one start state and more than final
state, we should add a new one start and one final states.

00+01

Third step: (Eliminate steps) repeat the step that eliminating state(s) or arc(s) (or
both) in each step until remains the start and final state.

Page 1 of 3
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Eliminate state(1): there are two paths we will make up for it: (-,1,2) and(-,1,3)

00+01

Convert to the one arc

A+(0+1)

Eliminate state(2): there are two paths we will make up for it: (-,2,3)and(-,2,+):

00+01

Convert to the one arc

\

("+0+1+(10))+(010)
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Eliminate state(4):

A+(0(00+01)")

Convert to the one arc

Eliminate state(3):

((’\+0+1+(10))+(010))’\+(0(00+01)*)

/ A+O+1(10)"

Convert to the one arc

(("+0+1+(10))+(010))™(0(00+01)) +  A+0+1(10)>

RE= (("+0+1+(10))+(010)"+(0(00+01)) + (+0+1(10))
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Finite Automata with output

Goal: designing a mathematical model for a computer where the
input string represents the program and data. The state of the machine could

be its output. Machines should be capable of doing more.
A Finite State Machine with output is a 5-tuple (Q, Y., Z, 5, &)
Q: is finite nonempty set of states
Y. 1s finite nonempty set of input symbols
Z: is finite nonempty set of output symbols
d: transition function (maps Q x)_ into Q)
A: output function (maps Q X} into Z)

Note: Assume it has 2 tapes; input tape and output tape. It writes an output
string of length n (output tape) when reading an input string of length n

(input tape).

Finite Automata with output

Moore machine Mealy machine

Page 1 of 3
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The Moore machine

| Definition
A Moore machine is a collection of five things:

© A finite set of states qo, g1, g, . . . where qq is the start state
@ An alphabet of letters for forming the input string

Y={abc ...}
® An alphabet of possible output characters

F={xyz ...}

O A transition table that shows for each state and each input letter
which state is reached

© An output table that shows which character from I' is printed by
each state as it is entered (this means when we “start” execution
we print the character from the start state)

Example of a Moore machine

Input: 3 = {a b} Qutput: T' = {0 1} States: go, g1, G2, g3
Old | Output | After a | After b
qo 1 g1 qs
q1 0 qs3 q1
q2 0 9o q3
q3 1 qgs q2

(BN,
N b N
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Example: count how many times aab occurs ¥ The number of substrings aab in the input string wil be exactly

the number of s in the output string,

¥ Given alanguage L and an FA that accepts it, we can “print” 0 in

a
> (o o (&N b AL any non-final state and 1in any final state,

\ 0kl A 0 1
a&‘/ ¢ The 1'sin any output sequence mark the end positions of al

b substrings aab

¥ If we remove the output ablity and mark output states with 1 as
Tracing aababbaabb final and output states with 0 as non-final, we convert the
Moore machine to a standard FA

Input ala|al|b blblalal|b|b
State | Qo | ¢1 | @ | Q|GG || Q| g Q@] q
Qutput [ 0 [ O O | O[T O0]OfO|JO|O]1]0

Q/I Design a Moore machine with the input alphabet {0, 1} and output
alphabet {Y, N} which produces Y as output if input sequence contains

1010 as a substring otherwise, it produces N as output.

The Moore machine will be:
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Sowme notes of FA with output

Notel: Each Machine has one or more start state but hasn't a final state.

Therefore, instead of describing a formal language, it accepts a specific

string as an input to give the appropriate string as output.

Note2: In case the machine has more than one start state, we should

evaluate the behavior of the machine with each start state, if it's not

specified.

Note3: The essential difference that appears in graphs of two type

machines Moore and Mealy, is the position of the output symbol, which

depend on it when the machine produces the output symbol to the buffer.

Moore machine overall graph:

Qo
State Outputl
name /
output . .
\ Input2 inputl
Input Q2 _
Input  Input oupus  INPUt3
A
0 1
a a,b ° 4
b b 0
c h
' 3
a c

Moore machine

9 of 1Page

input4

a1

Output2

o |s

o IN

Moore machine




Mealy machine overall graph:

State
name

\

Input Inp/ou
Input Input Joutput
/outout  Joutput
b/1

Computation Theory Lecture 14 Assist. Proi. Dr. Basim Sahar

Qo

Inp/ou Inp/ou
Inp/ou

Q2 Q1

Inp/ou

a/0
a/0

b/1

Mealy machine

1/b

Mealy machine
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Q1: Evaluate the output sequence for the input sequence "1001011100"

by using the following Moore machine:

The state diagram for Moore Machine is

When start state gO:

input A B0 10 1 0 1 1 [l 0 |0
stat (g0 "[92 g2 (g2 790 Tl (gl gl gl g2 | g2
output 1 0 0 0 1 1 1 1 1 0

The Output sequence: 1000111110

Q2: Evaluate the output sequence for the input sequence "aabbabbbaaab”
by using the following Moore machine:




When A is the start state:

Computation Theory Lecture 14 Assist. Proi. Dr. Basim Sahar

Input a b 1b la _|b b la Jla la b
State |A i/J'A’J'B’;B/J'c)B B/'B/QC/J'D/-LA/J'B
output o |o [o |o [o o [o [o [0 |o |1 o

The output sequence: 000000000010

When C is the start state:

e e b ble s b r e el

State |C 71D

output O |1 |0 |0

0 |0

The output sequence: 010000000010

Q3: Evaluate the output sequence for the input sequence "aababbabb™ by
using the following Mealy machine:

b/1
a
a/0 a/l b/0
a/l
o )
h/0

a/0
bh/1 a3
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Input a la b fa |b Ja |b |b |
State qO/'qZ/_qu ql)qO/Lq q27]'g27 q

output 1 11 /1 |0 |0 |O |O |O

The output sequence: 11100000

Q4: Evaluate the output sequence for the input sequence "1001001110"
by using the following Mealy machine:

When qO is the start state:

\

Input 1 /J’Oo)'o 1 Jyol)o ,10)71 14)0 ]
State [ 9071937 q0" g1 (g0 (gt | 27 q0" | g3 | g4 |
C C

g
output C C |C A |C |[C |B |C

The output sequence: CCCCCACCBC

H.W.// Evaluate the same input sequence with start states g2 and g4?

Note: A machine graph can contains the two type of nodes.

9 of 5Page




Computation Theory Lecture 14 Assist. Proi. Dr. Basim Sahar

Conversion from Mealy machine to Moore Machine

In Moore machine, the output is associated with every state, and in Mealy
machine, the output is given along the edge with input symbol. To
convert Moore machine to Mealy machine, state output symbols are
distributed to input symbol paths. But while converting the Mealy
machine to Moore machine, we will create a separate state for every new
output symbol and according to incoming and outgoing edges are
distributed.

The following steps are used for converting Mealy machine to the Moore

machine:

Stepid: For each state(Qi), calculate the number of different outputs that

are available in the transition table of the Mealy machine.

Stép'2: Copy state Qi, if all the outputs of Qi are the same. Break gi into

n states as Qin, if it has n distinct outputs wheren =0, 1, 2....

Step'8: If the output of initial state is 0, insert a new initial state at the

starting which gives 1 output.

Example 1:

Convert the following Mealy machine into equivalent Moore machine.

a/l a/1 b/1

a/1,b/1 _/q) a/0 Y

b/1

Solution:

Transition table for above Mealy machine is as follows:
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Next State
Present State a b
State O/P State o/P
G Ch 1 g2 0
42 4 1 Ja 1
ds 42 1 ds 1
da ds 0 G 1

o [For state g1, there is only one incident edge with output 0. So, we

don't need to split this state in Moore machine.

o [For state g2, there is 2 incident edge with output 0 and 1. So, we
will split this state into two states g20( state with output 0) and
g21(with output 1).

o [For state g3, there is 2 incident edge with output 0 and 1. So, we
will split this state into two states q30( state with output 0) and
g31( state with output 1).

o For state g4, there is only one incident edge with output 0. So, we

don't need to split this state in Moore machine.

Transition table for Moore machine will be:

Next State
Present State =0 a1 Output
h o dz 1
Y20 4 d4 0
21 @ ¢ 1
Y30 21 S 0
a1 21 S 1
da ds da 1
9 of 7Page
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a b
b .r’/d_\ a,b EHW/_H\\ a
/1) > 0} . ¥ g4/l /0
N, N N N
\\.
\
\
b \
A |
N T a - ) [
\ - < /)
b/
— d -
Example 2:

Convert the following Mealy machine into equivalent Moore machine.

0/0 o/1
‘@

Solution:

Transition table for above Mealy machine is as follows:

Presentl Next State 0 Next State 1
State State 0/P State o/P
q; 9 0 b 0
q, 92 1 q; 0
93 92 0 q; 1
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and 1. So we will create two states for these states. For g2, two states will
be g20(with output 0) and g21(with output 1). Similarly, for g3 two states
will be g30(with output 0) and q31(with output 1).

The state g1 has only one output The state g2 and g3 have both output 0

Transition table for Moore machine will be:

Present | Next State 0 | Next State 1 | o/P
State
q a9 920 0
Y20 Ax 930 0
A2, da Y30 1
930 920 Aa 0
CEY 920 LK) 1

Transition diagram for Moore machine will be:
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